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SOME VARIETIES CONTAINING RELATION ALGEBRAS
BY
ROGER MADDUX

ABSTRACT. Three varieties of algebras are introduced which extend the variety R4 of
relation algebras. They are obtained from RA by weakening the associative law for
relative product, and are consequently called nonassociative, weakly-associative and
semiassociative relation algebras, or NA, WA, and SA, respectively. Each of these
varieties arises naturally in solving various problems concerning relation algebras.
We show, for example, that WA is the only one of these varieties which is closed
under the formation of complex algebras of atom structures of algebras, and that
WA is the closure of the variety of representable RA’s under relativization. The
paper also contains a study of the elementary theories of these varieties, various
representation theorems, and numerous examples.

0. Introduction. Relation algebras (RA4’s) have a binary operation ; which serves as
an abstract algebraic analogue of the relative product of binary relations. (The
relative product of R, S C U X U,isR|S = {(x, z):{(x, y)E Rand (y, z) € § for
some y € U}.) The relative product is associative, and one of the postulates for RA’s
is that ; is associative. The associativity of relative product can be expressed by a
sentence in a first-order language with binary relation symbols, namely

(1) VxVy[Elz(Ely(ny A Syz) A Tzy) < 3,(Rxz A3 (Szx A Txy))].

Although this sentence has three variables, it cannot be proved from the ordinary
axioms of first-order logic without using four variables. In contrast, all the other
postulates for relation algebras can not only be expressed but proved using only
three variables. (These facts were first proved by Tarski. For a proof that (1) requires
four variables to prove, see [3].) Tarski asked whether there are any other equations
whose translations into first-order sentences can be expressed and proved using only
three variables, but which are not derivable from the postulates for RA’s without
using the associativity of ;. There are such equations. One of them is a special case of
the associative law for ; called the “semiassociative law”,

(2) x; (1;1) = (x;1);1.

The class SA of semiassociative relation algebras is defined by the postulates for
RA’s with the associative law for ; replaced by (2). This class properly includes R4,
as will be shown in this paper.
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About 90% of the theorems for RA’s proved in Part I of [1] for RA’s carry over to
SA’s. In fact, about 80% of those theorems do not even require the semiassociative
law, and hence apply to the even wider class of nonassociative relation algebras NA.
The definition of NA is obtained from that of R4 by omitting the associative law.
NA’s are Boolean algebras with operators in the sense of [6, Definition 2.13].
Consequently the Representation Theorem 3.10 of [6] can be applied. One of the
goals of this paper is to obtain a more explicit form of this theorem for N4, SA4, and
RA. To do so we introduce the appropriate notions of complex algebra and atom
structure, and study some of their basic properties. In the course of this study
another class of algebras naturally arises, namely WA, the weakly-associative rela-
tion algebras. The definition of WA is obtained from that of RA by replacing the
associative law for ; by

(3) (1"-x); (1;1) = ((-x);1);1.

Note that (3) is a special case of (2). We shall see that RA C SA C WA C NA.
Another goal of this paper is to introduce the notion of relativization for NA’s and
prove a new result for RA’s involving relativization. It turns out, however, that WA
is exactly the class of algebras for which this theorem holds.

The paper is organized as follows. In §1 we define the algebras which concern us
and prove a few elementary properties of NA’s. The duality theorems for R4’s in [1]
carry over to NA’s and are given in §1. In §2 we define complex algebras of certain
relational structures and characterize those structures which give use to NA’s, WA’s,
SA’s, and RA’s. Some examples appear at the end of the section. Atom structures
are defined and studied in §3. Theorems 3.8-3.10 in that section are reasons for
introducing WA. Examples of NA’s which are not WA’s also appear there. Results
from §§2 and 3 are combined with some theorems of [6] in §4 to yield an explicit
form of the Representation Theorem (4.3). §5 deals with relativization. The major
result there is that WA is the class of subalgebras of relativized representable RA’s
(5.20).

In set-theoretical, logical, and general algebraic notation and terminology we
follow [4]. For the theory of Boolean algebras our reference is [16]. The most
important reference for this paper is [6]. We shall use several of the theorems in that
paper, and refer the reader there for the definitions of Boolean algebra with
operators, and of conjugate, self-conjugate, normal, monotone, additive, and com-
pletely additive operators on a Boolean algebra.

1. Definitions and elementary properties.

DEFINITION 1.1. U is a relation-type algebra iff A = (A, +, -, —, 0, 1,;, Y, I’),
where +, -, and ; are binary operations on 4, — and " are unary operations on A,
and 0, 1, I’€ 4. The reduct BL A = (A4, +, -, —, 0, 1) is called the Boolean part of
. The Boolean operations of A are +, -, and —. Forall x, yEA let xt y =
—((—x);(—y)), and O’ = -1". x + y is the relative sum of x and y, x; y is the relative
product of x and y, and x" is the converse of x. The Peircean (or relative) operations
of A are +,;, and Y. The elements 0, 1, 0, and 1’ are called the zero element, unit

element, diversity element, and identity element, respectively. For each x € 4 let /,,
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r., 17, and r be the functions mapping A4 into 4 which are defined as follows for all
y EA:

L(y)=xy,  r(y)=yx,
L) =x"p, r2(y)=yx".

Parentheses will be omitted from expressions involving the operations of a
relation-type algebra according to the convention that the operations should be
performed in the following order: “, —, ;, -, *+, +. Thus, for example, —x" =
—(xY), =x;y =(—x);(—y),and vt w;x -y +z= (vt ((w;x) - y)) + z. When the
same binary operation occurs several times, the calculation proceeds from left to
right, e.g. x; y;z = (x; y); 2.

Let % be a relation-type algebra. If B1 U is a Boolean algebra, then we will apply
terminology from the theory of Boolean algebras to 9, with the understanding that
we are referring to Bl A. For example, A is complete iff BL A is complete, and
x € A is an atom of ¥ iff x is an atom of BI A.

DEFINITION 1.2. A nonassociative relation algebra is a relation-type algebra A = (A,
+, -, —,0,1,;, Y, I’) which satisfies the following postulates:

(1) B A is a Boolean algebra,

2)x =x;I’=1’;x forevery x € 4,

(3) I, and I are conjugate for every x € 4,i.e. x;y - z = 0iff xY;z - y = 0 for all
x,y,Z €A,

(4) r, and r_’ are conjugate for every x € 4, i.e. y;x - z = 0iff z;x" -y = 0 for all
x,y,z € A.

NA is the class of all nonassociative relation algebras.

I is a weakly-associative relation algebra iff 9 € NA and

(5) (’-x);1;1 =(1’-x);1 foreveryx € 4.
WA is the class of all weakly-associative relation algebras.
U is a semiassociative relation algebra iff # € NA and

(6) x;1;1 = x;1  for every x € 4.

SA is the class of all semiassociative relation algebras.
A is a relation algebra iff A € NA and

(7) x;y;z2=1(x;y);z forallx,y,z € A4.
RA is the class of all relation algebras.

COROLLARY 1.3. (1) SA C WA C NA.
(2) RA C NA.

We will use “BA”, “NA”, “WA”, “SA”, and “RA” as abbreviations of the

”

phrases “Boolean algebra”, “nonassociative relation algebra”, “weakly-associative
relation algebra”, “semiassociative relation algebra,” and ““relation algebra”, respec-
tively. Postulates 1.2(2)—(7) will be referred to respectively as the identity law (IL),
left Peircean law (LPL), right Peircean law (RPL), weak associative law (WL),

semiassociative law (SL), and associative law (AL).
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It will be shown below that 1 = 1;1 in every NA. Hence, relative to postulates
1.2(1)-(4), the WL and SL are special cases of the AL, namely (I’-x);1;1 =
(I’-x);(1;1) and x;1;1 = x;(1;1), respectively. This is the reason for the use of the
terms “ weakly-associative” and “semiassociative” in 1.2.

Postulates 2.1(1)-(4), (7) were first used as a definition of R4 in [7]. The definition
of RA in [1] is proved in Theorem 2.2 of [1] to be equivalent to the one adopted here.

THEOREM 1.4. Let U be a relation-type algebra with B! % € BA.
(1) The following conditions are equivalent:
(a) A satisfies the LPL,
() x;(y - ~(xV352))<x;y- -z and x°;(y - ~(x;2)) < xY;y - —z for all x, y,
ZEA,
©x0=0 x5y -z<x;(y-x";2)and x°;y-z<x";(y-x;z) for all x, y,
z EA.
(2) The following conditions are equivalent:
(a) A satisfies the RPL,
®) (y-~(z:xY);x<y;x- -z and (y - ~(z;x));x" <y;x" .-z for all x, y,
zZEA,
©) 0;x=0, y;x-z<(y-z;x");x, and y;x" -z <(y - z;x);x" for all x, y,
zE€A.

ProoF. Use Theorem 1.15 of [6]. Notice that if /, (or r,) is normal for every
X € A, then so is I (or r).

COROLLARY 1.5. NA, WA, SA, and RA are finitely based equational classes;
HSPNA = NA, HSPWA = WA, HSPSA = SA, and HSPRA = RA.

PROOF. Use 1.4 and the fact that BA’s can be characterized by equations when +,
-, —, 0, and 1 are taken as fundamental.

We now turn to examples of RA’s which motivated the abstract definition of RA
and gave rise to the concept of representability. Let U be a set. Notice that
Sb(U X U), the set of subsets of U X U, is closed under U, M, ., ~ (comple-
mentation with respect to U X U), | (defined by R|S = {{u,w):{u,v) € R and
(v,w)E S, for some v € U} for all R, SCUX U), and ~! (where R7! =
{{v, u):{u, v) € R}). Furthermore, if E is an arbitrary binary relation, then Sb E is
closed under U, M, z~,|,and ~'iff E is an equivalence relation.

DEFINITION 1.6. Let U be any set. Then Re U is the set of all (binary) relations on
U,ie.,ReU = Sb(U X U), and

ReU= (ReU, U, N, yuy~,8,UXU,|, 1dy)

is the algebra of relations on U.
Let E be any equivalence relation. Then
SbE=(SVE,U, N, ;~,8,E |, " 1dgp)

is the algebra of subrelations of E.
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THEOREM 1.7. Let U be a set and E an equivalence relation.

(HDReU € RAandSH E € RA.

(2) Re U is a one-element algebra iff U = @, and &b E is a one-element algebra iff
E=go.

(3) For every set V, ReV =Re Uiff| V|=|U]|.

@DReU=CGLEIiffUX U=E.

(5) @b E = Pycrar) e ReU.

PRrROOF. Parts (1)—(4) are easy to check. For part (5), define a function f mapping
Sb E into the direct product of the equivalence classes of E as follows: if R € Sb E
then f(R)=(RNWUX U)Ue(FAdE)/E). It is easy to check that f is an
isomorphism.

DEFINITION 1.8. A RA U is representable if it is isomorphic to a subalgebra of
&b E, for some equivalence relation E. RRA is the class of all representable RA’s,
i.e. RRA = IS{©b E: E is an equivalence relation}.

THEOREM 1.9. (1) RRA C RA.

(2) Re U € RRA for every set U.

(3) ©b E € RRA for every equivalence relation E.
(4) HSPRRA = RRA.

PROOF. Parts (1)—(3) and SPRRA = RRA are easy to prove using 1.7. For a proof
of HRRA = RRA, see Theorem 2.5(i) of [17], or Corollary 11 of [11].

The rest of this section will be devoted to some elementary properties of NA’s
which will be needed in this paper.

THEOREM 1.10. Let A be a relation-type algebra in which the Peircean laws hold.
Then ; is normal and completely additive.

PROOF. The operation ; is normal and completely additive iff / and r, are normal
and completely additive for all x € 4, so the theorem follows immediately from
Theorem 1.14 of [6].

THEOREM 1.11. Let A € NA. Then “ is self-conjugate, normal, and completely
additive.

PROOF. In view of Theorem 1.14 of [6], it suffices to show Y is self-conjugate, i.e.
x“y=0iff x-yY =0 for all x, y € A. Each of the following formulas is
equivalent to the one preceding it (if any) for the reason given to the right.

0=x""y
0=x";l"y IL
0=x;y-1" LPL
0=1,y"-x RPL
0=x-yY IL.

THEOREM 1.12. Every NA is a normal BA with operators.

PRrOOF. Use 1.10 and 1.11.
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THEOREM 1.13. Let A € NA. Then for allw, x, y, z € A we have
(D) (x +y)z=xz+y;z,
@ x(ytz2)=xy+xz
Bifw<xandy <z, thenw;y < x;z,
@) x<x;landx < 1;x,
®)1 =1Ll
6) (x +y)” =x" +y-,
(70 =0,
®)x“Y=x,
O V=1,

(10) (—x)” = —x",

(D (x - y)¥ = x Y,

(1) x <y iffx” <y",

(13 (x9)” = y"5xY,

(14 1'Y=1and0"=0,

(A5 ifx,y<Vthenx;y =x -y,

(16) if x < 1’ then x" = x.

PRrOOF. (1)-(3) follow immediately from 1.10. Using (3) and the identity law, we
get x = x;1’<< x;1 and x = 1’;x < 1;x, so (4) holds. Since 1;1 < 1, we get (5) from
(4). (6) and (7) follow from 1.11. For (8) we first notice that the following formulas
are equivalent:

0=x-y

0=x;1"-y IL
0=x";y-1” LPL
0=x";1"y LPL

0=x""Y.y.

We get x“Y = x by first replacing y by —x, and then by —x“". Note that 1 = 1 + 1Y,
so by (6) and (8) we get (9) as follows: 1 =1+ 1Y = VW +]Y =
(1Y +1)Y = 1. For (10) we first get —x - x*“ = 0 from —x - x = 0 by (8), and then
(—x)" -xY = 0 by 1.11. Also, by (6) and (9), (—x)" +x¥ = (—x + x)V = 1V = 1.
It follows that (—x)“ = —x". (11) follows from (6) and (10), and (12) follows from
(6) and (8). For (13), we first note that the following formulas are equivalent:

0=(x;y)" z

0=x;y-z" 1.11
0=x";z"-y LPL
0=y;z-x" RPL
0=y"Y;x"-z LPL.

Let z = —(x;y)", and then let z = —(y" ;x"). It follows that (x; y)” = yY ;x" . By
(13), (8), and the IL, we have I’ = I’Y;1’"Y' = (I’Y;1")Y = 'Y= I’, and hence, by
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(10), Y= (—=1)Y = -1I’Y= —-1’= 0. Thus (14) holds. To prove (15) and (16), we
assume x, y < 1’ and proceed as follows:

x;y<x;I’-1;y (3)
=x-y IL
=x;1"y IL

<x;("x";y) 1.4(1)
<x;(I'Y;y)  (3),(12)

=x;y (14), 1L
so (15) holds. We have
x=13x-01 IL
<(I''1;xY);x  1.4(2)
< 1;5xY;r (3)
= xY IL

so, by (12) and (8), we also get x” < x““ = x. Thus (16) holds, and the proof is
complete.

COROLLARY 1.14. R4 C SA.
ProoF. Use 1.13(5).
DEerINITION 1.15. For every relation-type algebra
A= (A4, +,-,—,0,1,;5 ", 1)
let
AV = (4, +,-,—,0,1,;Y, Y, 1")
where x;"y = y;x forall x,y € 4,
A =(4,-,+,—,1,0, 1, ,0),
and
A =(A4,-,+,—,1,0, 1Y, °,0),

where x+ Yy =y + x forall x, y € 4, and let x’ = —x" for every x € A.

THEOREM 1.16. Let W € NA. Then A=A = A" =Y = (A" )’ =AY)" . In
particular, the operations °, —, and ' are involutions (i.e. x = x"Y'= — —x = x")
and are isomorphisms between these algebras as indicated in the following diagram:

xVU

A 9’

A o o
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PrOOF. We get x = x"Y= ——x = x” from 1.13(8), (10), so Y, —, and ’ are
one-to-one and onto. The fact that they are also homomorphisms can be expressed
by a number of identities, each of which can be easily derived from 1.13(6)-(11),
(13), (14).

Given any theorem for NA’s, we can obtain three other (not necessarily different)
theorems for NA’s by changing the operations in the original theorem to the
corresponding operations of any one of the dual algebras %Y, %™, and A’. (Thus
there are three duality principles, which are discussed more fully in [1].) For
example, if A € NA, then A € WA iff A satisfies any (or all) of the following
identities: (1’-x);1;1 = (I’-x);1, L;(1;(I’-x)) = 1;(I’'x), (O+x)+t 0+ 0 =
©@+x)t0,0+(0+(@+x)) =071 (O +x).

2. Complex algebras.

DEFINITION 2.1. Let U = (U, C, f, I) where CC U, f€ YU, and I C U. Then
Emu=(SobU U, N, ,~, 3,U,;, Y I)where X;Y = {z:{x, y, z) € C for
somex € X,y € Y}and X¥ = {fx:x € X} forall X, Y € SbU. €m U is called the
complex algebra of 1.

The complex algebra of a structure is defined in Definition 3.8 of [6] for the case
in which the structure has arbitrarily many finitary relations. If we were to treat f as
a binary relation, then 2.1 would be a special case of the definition in [6].

The notion of complex algebra also occurs in universal algebra (see [2, p. 379)),
but with a different meaning: the Boolean operations are not included, and the
notion is defined only for algebras (structures with functions and no relations).

THEOREM 2.2. Let W = (U, C,f, I) where C C *U,f € YU, and I C U.
(1) €m N is a relation-type algebra, BL €m W is a complete atomic BA, and the
operations ; and  are normal and completely additive.
(2) €m U € NA iff U satisfies the following conditions for all x, y, z € U.
@If{x,y,z)€ Cthen {fx,z,y)€ C,
®if{x,y,z)€ Cthen{z, fy,x)€E C,
(c) x = y iff there is some w € I such that (x,w,y)€ C.
(3) €m U € WA iff U satisfies (a)—(c) and
(difweland (w,x,x),{x,y,2)E C, then{w, z,z) € C.
(4) €m U € SA4 iff U satisfies (a)-(c) and
(e)if (v, w, x), (x,y,z)€E C then there is some u € U such that {v,u,z)€ C.
(5) €m U € RA iff U satisfies (a)—(c) and
() if (v, w, x), {(x, y, z) € C then there is some u € U such that (v, u, z), and
(w,y,u)e C.

PRrROOF. (1) is easy to check. (See Theorem 3.3 of [6].)

(2) Assume €m U € NA. We first prove (a) and (b). Let (x, y, z)€ C. Then
{z} C {x};{y}, or, equivalently, {x};{y} N {z} * &. Applying the LPL vyields
{(~x3{z} 0 {y)={x}V;{z} N {y} # @, so {fx, z, y)E C. Similarly, the RPL
yields (z, fy, x) € C.

If weland (x, w, y)E C, then y € {x};{w} C {x};I= {x} by the IL, so
x = y. Conversely, if x = y then y € {x} = {x};1, so there is some w € I such that
{(x,w,y)€ C. Thus (c) holds.
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To proceed further we need the following.
LEMMA. If U satisfies (a) and (c), then ffx = x for every x € U.

PROOF. Let x € U. Then (x, w, x) € C for some w € I by (c). Using (a) twice we
get { fx, x, w) € C and then { ffx, w, x) € C. Consequently ffx = x by (c).

Now we assume U satisfies (a)—(c) and show €m U € NA. Since Bl €m U € BA
we need only prove the identity and Peircean laws. Let X C U. If x € X, then (x, w,
x) € C for some w € I by (c), so x € {x};{w} C X;I. Thus X C X;I. On the other
hand, ify € X; I, then (x, w,y) € C for some x € X and w € I, but x = y by (c), so
y € X. Thus X;I C X, and we have X = X;I. Let x € X. Then { fx, w, fx) € C for
some w € I by (c). We get { ffx, fx, w) € C by (a), and then (w, x, x)= (w, ffx,
ffx)€ C by the lemma and (b). Thus x € {w};{x} C I; X, so we have shown
XCLX Nowlety €I;X,ie (w,x,y)€E C for somew € I and x € X. Then (y,
fx, w)€ C by (b), so {(fy, w, fx)E C by (a). Applying (c) we get fy = fx, so
y = ffy = ffx = x by the lemma. Thus y € X, which shows I; X C X. The proof of
the identity law is complete.

The Peircean laws hold in €m 1 iff the following formulas are equivalent for all
X, Y, ZESDU:X;YNZ#* D, XY;ZNY+* B, Z;Y° NX+* &. We shall only
prove the first two are equivalent; the other equivalences can be proved similarly.

Let X;YNZ #* &. Then (x, y, z)€ C for some x E X, y € Y, z € Z. By (a),
(fx, z, yYEC, s0 @ # {fx}:{z} N {¥} = {x}Y;{z} N {y} C XY;Z N Y. Now
suppose XY ;Z N'Y # @. Then there are x € X, y € Y, z € Z such that { fx, z,
y) € C. By thelemma and (a), (x,y,z)= (ffx,y,z)EC,s0 ;Y N Z #* &.

(3) Assume €m U € WA. Then (a)—(c) hold by (2). Suppose w € I and (w, x, x),
(x, y, z)€ C. Then {x} C {w};{x} and z € {x};{y}, so z € {(w}{x};{y} C
{w};U;U = {w};U by the WL. Consequently (w, v, z) € C for some v € U. But
v = zsince z € {w};{v} C I;{v} = {v} by the IL, so {(w, z, z) € C. Thus (d) holds.

Assume U satisfies (a)—(d). Then €m 11 € N4 by (2), so we need only prove the
WL for EmU. Let We SbU and z € (I N W), U;U. Then there arew e IN W,
ue U xe(IN W)U, and y € U such that (w, u, x), (x, y, z)€ C. But
x € {w};{u} C I;{u} = {u}, so x = u. It follows from (d) that {(w, z, z)€ C, so
z€{wh{z} cI N W)U Thus (I N W);U;U C (I N W);U. The opposite inclu-
sion follows from 1.13(4).

(4) Assume €m U € SA. Then (a)-(c) hold by (2). Suppose (v, w, x), (x, y,
z)€ C. Then z € {x};{y} C {v};{w};{y} C {v};U;U= {v};U by the SL, so
(v, u,z)€ C for some u € U. Thus (e) holds.

Now suppose U satisfies (a)—(c) and (e). Then €m U1 € N4 by (2), and V;U C
V;U;U for every V € Sb U by 1.13(4). Suppose z € V;U;U. Then there are v € V,
w € U, x € V;U, and y € U such that (v, w, x), (x, y, z) € C. By (e) there is some
u € U such that (v, u, z)€ C, so z € {v};{u} C V;U. Therefore V;U;U = V;U,
andEm U € S4.

(5) Assume €m U € RA. Then (a)-(c) hold by (2). Let (v, w, x), {x, y, z) € C.
Then z € {x};{y} C {v};{w};{y} = {v};({w};{y}) by the AL, so there is some
u € {w};{y} (hence {(w, y, u) € C) such that (v, u, z) € C. Thus (f) holds.
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Suppose U satisfies (a)—(c) and (f). Then €m Ul € NA by (2). We need only show
VW, Y CVy(W;Y) forall V, W, Y € SbU, since the AL follows from this by 1.16.
Let z € V;W;Y. Then there arev € V, w € W, x € V;W, and y € Y such that (v,
w, x), {x, y, z) € C. By (f) there is some u € U such that (v, u, z), (w, y, u) € C.
Hence z € {v};{u} C {v};({w};{¥}) C V;(W;Y). Thus ViW;Y C Vy(W;Y).

Problem 2.3. Is there a set of first-order conditions on U = (U, C, f, Iy which is
equivalent to €m U € RRA? In other words is {I: €m 1 € RRA} an elementary
class?

Some sufficient conditions for €m 1 € RRA are known. For example, it follows
from Theorems 4.27 and 4.29 of [7] that €m 11 € RRA whenever U satisfies (a)—(c)
and (f), and 7 = {w:(x, w, x) € C for some x € U}. An alternative formulation of
this condition can be obtained by showing that if I satisfies (a)-(c) and (f) (i.e.
E€m U € RA) then I = {w:(x, w, x) € C for some x € U} iff C is functional (i.e. if
(x,y,2), {x,y, w)€E€ C, then z = w). A more general sufficient (but not necessary)
condition for €m U € RRA can be obtained from Theorem 7 of [11]: if U satisfies
(a)—(c) and (f), and for every u € U there are p, ¢ € U such that { p, u, g) € C, and
w € I whenever (p,w,pY€ Cor (g,w,q)E C,then€m Ul € RRA.

DEFINITION 2.4. Let a be a nonzero cardinal and let X C {1, 2, 3}. Then

D, = U {(0,«,«), (x,0,k), (x, x,0)},

k<a

C(X)=D,U {{k, A, p):0<w,\,p<aand|{x,A,p}|E X},
and

€.(X) = 6m(a, C(X), 1d,. (0}).

THEOREM 2.5. (1) Let 1 € NA. Then | = € (X)) for some a > 0 and some X C {1,
2, 3} iff the following conditions hold:
(a) x* = x for every x € A,
(b) U is complete and atomic,
(c) I’ is an atom of A,
(d) if f is a permutation of the atoms of N, and f1”’ = 1", then f can be extended to
an automorphism of .
(2) € (X) = €4(Y) iff one of the following conditions holds:
@1=a=4,
M2=a=Pand {1} NX={1}NY,
©3=a=Band{1,2) N X={1,2} N Y,
d3<a=Land X =Y.
(3) € (X) € WA ~ SA iff one of the following conditions holds:
(a)3 =aand Xis {3} or {1,3},
(b)3 <aand Xis &, {1}, {3}, or {1,3}.
(4) € (X) € SA4 ~ RA iff one of the following conditions holds:
(a4 =aand X = {1,3},
(b)4 <aand X = {3}.
(5) € (X) € RA in all cases not listed in (3) or (4).
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PROOF. (1) and (2) are fairly obvious. For (3)—(5) use 2.2.
COROLLARY 2.6. RA C SA C WA.

Algebras which show WA C NA will be constructed later. It is well known that
RRA C RA. (This was first proved in [8].) For some values of « and X, € (X) is a
nonrepresentable RA. For example, if 4 < a, then € ({2}) € R4 ~ RRA (see [10] or
[12, p. 63]), and it follows from [9] that € ({1,3}) € R4 ~ RRA iff there is no
projective plane of order a — 2. The Bruck-Ryser Theorem, on the nonexistence of
projective planes, implies that € ({1,3}) € R4 ~ RRA for infinitely many values of
a. These nonrepresentable RA’s are used in [14] to show that RRA is not finitely
axiomatizable. In the other direction, we have € ( X) € RRA whenever € (X) € RA
and a < 3, € ,({3}) € RRA, and € ({1,2}), € ({1,2,3}) € RRA for all a. (See [12].)
The remaining unsettled cases are collected in the following problem.

Problem 2.7. For what values of a is € ({2,3}) € RRA4 or € ({1,3}) € RRA?

3. Atom structures.

DEFINITION 3.1. Suppose ¥ is a relation-type algebra such that Bl A € BA. Let
At U be the set of atoms of U, ie. At = {x:0 #* x € 4 and for every y € 4,
either x -y = 0 or x -y = x}. We say that Y preserves atoms in % if x* € At U
whenever x € At 9.

DEFINITION 3.2. Suppose ¥ is a relation-type algebra, B! % € B4, and "
preserves atoms in 9. Then At A = (At A, C, Y, 10 is the atom structure of U,
where C™ = {(x,y,z):x,y,z € At Y and x;y =z} and I = {x: "> x € At A}.
The triples in C™® are the cycles of %, and the elements of I®® are the identity atoms
of A.

THEOREM 3.3. Let W= (U, C, f, I) where CC U, f€ YU, and I C U. Then “
preserves atoms in €m U and At Cm U =W. In fact, ({x}:x € U) is an isomor-
phism from U onto At €m U.

THEOREM 3.4. If % € NA, then “ preserves atoms in .

PROOF. Let x € At %. Then for every y € 4, either x - y” =0 or x - y¥ = x. But
x-yY=0iff xY-y=0by L.11, and x - y*¥ = x iff xY -y = x" by 1.13(11), (8).
Hence x" -y =0 or x” -y = x". Also, 0 # x" since otherwise 0 = 0¥ = x"“ = x
by 1.13(7), (8). Thus x" € At ¥.

The notion of atom structure was introduced as a way of recapturing the structure
from which a complex algebra is constructed, as in 3.3. (A similar situation occurs in
[4, pp. 453—461].) But this construction can be applied to any NA, as shown by 3.4,
so we may consider the algebra €m At A obtained from an arbitrary A € NA. We
shall see that €m At ¥ = A whenever ¥ is complete and atomic, but €m At A & NA
for some complete nonatomic ¥ € NA. On the other hand, Cm At A € WA
whenever A € WA. To prove the latter result we need a theorem about atoms in
WA’s which fails for NA’s.

THEOREM 3.5. Let A € WA. If x € At U, then x;x" - 1", x";x - '€ At U.
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PROOF. Let x € At 9. We first show x;x" -1’€ At %. We have 0 = x = I’;x - x
by the IL, so 0 # x;x" -1’ by the RPL. Let y € 4, and suppose x;x" -1’-y # 0.
Then (1’-y); x - x # 0 by the RPL, and hence x < (1’-y); x. Consequently

xV-rs(V y)xx Sk 1.13(3)
<(-y)l1- 1.13(3)
= (I"y);1 - WL
<) (1 -(1’-y>“;1’) 1.4(1)
<y; (1’U 1) 1.13(3), (12)
=y 1.13(14), IL

so x;xY 1.y = x;x" - 1’. Thus x;x" -1’€ At A. One can prove x";x - '€ At YA
similarly, or notice that x" ;x - I’= (x;x" - 1) by 1.13(8), (11), (13), (16) and use
3.4, or apply 1.16.

DEFINITION 3.6. %t = €m ({0, 1,2}, C, 1, 1) where I’= {0,1} and C = {(0, 0,
0), (1, 1, 1), (0, 2, 2, (2,0, 2), (2, 2, 0), (1, 2,2, (2, 1, 2), (2, 2, 1)}.

THEOREM 3.7. (1) R € NA ~ WA and WA C NA.
(2) Theorem 3.5 fails in N.

PrOOF. It is easy to check that 3 is the complex algebra of a structure satisfying
2.2(a)—(c), so N € NA. N & WA since {0}; {0,1,2} = {0,2} but {0}; {0,1,2};
{0,1,2} = {0,2}; {0,1,2} = {0, 1,2}. Theorem 3.5 fails since {2} € At N but {2};
{2} Nr=reAtn.

THEOREM 3.8. If A € WA, then CSm At A € WA.

PrOOF. It suffices to show %At 9 satisfies 2.2(a)-(d). Let (x, y, z) € C®. Then
x;y=z,50x;y-z70.Wegetx”;z-y+# 0andz;y" -x # 0 by the Peircean laws,
soxY;z=yand z; y¥ = x since x, y € At A. Hence (x", z, y), (z,y", x) € C™.
Thus At A satisfies 2.2(a), (b).

If weI®™ and (x, w, y)€ C™, then y < x;w < x;I’=x, so y = x since x,
y € At %. On the other hand, for any x € At A we have x" ;x - '€ At % by 3.5,
and (x, xY;x - I, x)€ C® since x = x;1"-x < x;(1I’-x" ; x) by the IL and 1.4(1).
Thus 2.2(c) holds.

Suppose w € I'® and ( w, x, x), (x, y, z)€ C*®. Then w < I’, x < w;x, and
z<x;y, s0 z<w;x;y <w;1;1 = w;1 by 1.13(3) and the WL. Consequently z =
w;l -z <wy(1-wY;z)<w;(1’Y;z) = w;z by 1.4(1), 1.13(3), (12), (14), and the IL.
Thus (w, z, z)€ C™, so At A satisfies 2.2(d).

THEOREM 3.9. There is a complete W € NA such that €m At A & NA.

PROOF. Let B = (B, +, -, —, 0, 1) be the direct product of a complete atomless
BA (e.g. §20(C) of [16]) and a 2-element BA. Then B is a complete infinite BA with



VARIETIES CONTAINING RELATION ALGEBRAS 513

exactly one atom. Let 0’ be the unique atom of B and let I’= -0’. Define ; on
B X B as follows:

0 ifx=0o0ry=0,
x-y f0#x<1Dand0#y<1,
x;y=<x-y+0 ifx=0and0#*y=<1D,
x-y+0 if0#x<1andy=0,
1 fx=0"andy =0’
Set ¥ = (B, +, -, —, 0, 1, ;, Idz, 1’). Notice that ; is commutative. We shall see

that A € NA but the IL failsin €m At A.

The verification of the IL in U splits into three cases: if x = 0, then x;1’= 1’;x =
0=x;if0 # x < I, then x;I’= I’;x = I’-x = x; finally, if x = (’, then x;1’= 1’;x
=x-I'+0=x-I+x-0C=x-('+0)=x-1=x.

Let x, y, z€B and set a=x;y-z, b=x;z-y, and ¢ = z;y - x. To show %
satisfies the Peircean laws it suffices, since converse is the identity in %, to show
a=0iffb=0iffc=0.1f0 € {x,y, z}, thena = b = c = 0, so assume 0 #* x, y, z.
The following facts are easy to check. If x + y<1’orx + z<1’ory + z < I’, then
a=b=c. lfO<x-yand z< 1, then a=z+# 0 and O’< b = ¢. Similarly for
permutations of x, y, and z. Finally, if < x -y -z, thena=x+0,b =y ¥ 0, and
¢ = z # 0. This exhausts the possibilities, and in each case a = 0 iff b = 0 iff ¢ = 0.
Thus % € NA.

However, At = {(0’}, C® = ((0, 0, 0°)}, and I = &, so Cm At A =
(o, 1}, +, -, —, 0, 1, -, Id(o,,), 0). The IL fails since 1;0=1-0=0#1, so
Cm At A & NA.

Theorem 3.9 shows that the hypothesis of 3.8 cannot be weakened from U € WA
to A € NA. The next theorem shows that no stronger conclusion than Cm At A €
WA can be obtained by assuming A € RRA.

THEOREM 3.10. There is some A € RRA such that Sm At A € WA ~ SA.

PROOF. Let U = {eq, €11, €225 d11> A5 doy1> d1gs Aoy Ao}, U= U U {df,:r € Q}
U {d5,:r € Q} (where Q is the set of rational numbers), and I = {ey, €, €5}
Define f on U’ as follows, for all r € Q:

xleoo|en |922|d11 Id22|d0||d10|d02|d20|d1r2 3,
fx,eoo,en ,ezzldn 'dzzldloldm |d20ld02‘d£1 'dlrz

Notice that U is closed under f. If (x, y, z) € 3U’ then the transforms of {x, y, z)
are <x’y’ Z>, <fx’ Z’y>9 <y,fZ,fx>, <]5?,fx,f2>, <fz, X,fj)>, and <Z,fy, x>. Let C’ be

the set of transforms of the following triples, for all r, s € Q:

(ensen e, (€xnsexn, €3y,  (€xns € €wn)>
(dyy,en1,dyy),  (dyp.exn,dy), (dy ewn,dy);
(dors €11, do1),  (dozsexn,doy),  (dyseq, dy),
(d31,en,d3), (diy, exn,dpn),
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(dy1,dn,dy),  (dysdy,dy), (do,dl, dy),

(o, diysdo),  (dogs dnsdoy)s

(d31,dn, dy),  (dip, dp, dy).
Let C=C'M*U. Let B=6m(U, C, f, I) and € = €m(U, C', f, I). We will
show:

(H)B e WA~ SA,

(2)€ € RRA,

(B)forsome A CC, Cm AL A =B.

If (1)-(3) hold, then the proof is complete, since % € RRA by (2) and (3), but
Cm At A € WA ~ S4 by (1) and (3).

It is clear that (U, C, f, I') satisfies 2.2(a)—(c), and it is easy to show that it also
satisfies 2.2(d), so B € WA. On the other hand, B & S4 since (U, C, f, I) does not
satisfy 2.2(e): (dg;, dig> €g0)> (€00 Ao2s Aoz ) € C but there is no x € U such that
(dor» X, dgy ) € C.

To show @ € RRA we need two countable infinite disjoint sets K and L, an
element m &€ KU L, and a function p: (K X L) U (L X K) » @ which has the
following properties:

@ p(k,l)=p(l,k)foreveryk € Kand/ € L,

5) if ky, k, €K, k;, #k,, and r, s € Q, then there is some / € L such that
plky, 1) = rand p(ky, 1) =s,

©) if /,, , €L, I, 1[,, and r, s € Q, then there is some k € K such that
p(k, 1)) =randp(k,l,) =s.

Such sets and functions are easy to construct. For example, let M, = O, M, = M,
XQOXMyXQ,and M, ., =M, UM, , X QXM,, XQ)forevery n <w. Set
K=U, _ M, ,and L=U, _ M, . If (x,r,py sYEM, X QXM XQ and
x # y, then set

(D) p(x. (%, 7,9, 8)) = px, 1.y, 5, X) = 1,

®) p(y,{x, 1, y,8)) =p((x, 1, y,5),y) =5,
and let p(k, 1) = p(l, k) =0 for all k € K, ] € L, not covered in (7) or (8). (In fact,
since (7) and (8) imply (5) and (6), p can be extended to (K X L) U (L X K) in any
manner consistent with (4), (7), and (8).)

Suppose K, L, m, and p satisfy (4)—(6). Then we get an embedding F of € into
Re(KU LU {m}) as follows:

F(eg) = {(m,m)}, F(dy)={m} XK, F(e;)=1dg,
F(dy) = KX {m}, F(ep)=1d,, Fdyp) = {m} X L,
F(d,)) = KXK, F(dy) =LX{m}, F(dy,)=LXL,
F(d}y) = {{k,I):k€K,l€e L,p(k,])=r} forallreQ,
F(dy) = {{l,k):leL,keK,p(l,k)=r} forallr € Q,
F(x)= U F(x) forallXC U

xeX
Thus € € RRA. Now we choose % C €. Let H be the set of all subsets of Q which
are finite unions of intervals Q N (a, b) where a and b are irrational. Then (H, U,
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M, o~ , @, Q) is an atomless BA. Let A be the set of subsets of U’ of the form
XU {d{,;r €R} U {d5:s €S} where X C U and R, S € H. Then it is not dif-
ficult to verify that 4 is closed under U, M, . ~,;, and ", hence is the universe
of a subalgebra % of €, and that €m At A = B.

Problem 3.11. Characterize the class {€m At A:A € RRA}. Does it contain every
complete atomic WA? What variety does it generate?

Problem 3.12 (raised by Don Pigozzi). Suppose K C NA, K is a variety, and
CmAtA € Kforevery A € K. Is K C WA?

The algebras used in the proofs of 3.9 and 3.10 are not atomic. The next theorem
shows that this is unavoidable.

THEOREM 3.13. Assume W € NA and N is atomic.

(1) A is isomorphic to a subalgebra of m At A.

Q) A =Cm At A iff A is complete.

B)CEm ALt A € NA.

4 CmUALA is a WA, SA, RA, or RRA iff A is a WA, SA, RA, or RRA,
respectively.

PROOF. (1) Define f:4 - SbAt A by fx = {a:x =a € At U} forevery x € 4. It
is well known that f embeds B[ U into Bl Em At A (see [16, Theorem 9.1, p. 28)),
and x =3 fx for every x € A. Obviously, fI’=TI™, so we need only show
f(x;y) = fx; fy and f(x") = (fx)" for all x, y € A. To establish the first formula,
note that the following formulas are equivalent for every a € At 9.

a € f(z;y),

a<x;y= 3{b;c:b € fx,c Efy},

a<b;c forsomeb € fx,c € fy,
(b,c,aye C™ forsomeb € fx, c € fy,

acfx;fy.

Another sequence of equivalent formulas, with a € At %, proves f(x") = (fx)";

acf(x¥), a<x=Cm)"= 3 b,

bEfx

a=b" forsomeb € fx, ac(fx)”

Q) If A =Cm At A, then A is obviously complete. Suppose U is complete. In
view of (1), it suffices to show f is onto. Let X C At %. Then XX exists and
f(CX)= X. Thusfisontoand % = Cm At A.

(3) We show At A satisfies 2.2(a)—(c). The proof of 2.2(a), (b) and half of (c) is the
same as the first part of the proof of 3.8. For the other half of 2.2(c) we must prove,
given x € At ¥, that (x,w, x)€ C*™® for some w € I'™). This follows from x =
;1= x;21 = ${x;w:w € I}, Thus €m At A € NA.

(4) We will prove that if % is a WA, SA, or RA, then 2t 9 satisfies 2.2(d), (e), or
(f), respectively.



516 ROGER MADDUX

Let A € WA, w € I™, and (w, x, x), (x, y,z)€ C™. Then z < x;y < w;x; y
< w;1;1 = w;1 by 1.13(3) and the WL, so z < w;ZAt % = Z{w;u:u € At A}. Hence
z<w,u for some u € AtA. However z<wju<1;u=u, so z=u, and
(w, z,z)€ C®. Thus 2.2(d) holds in At A and Cm At A € WA.

Let A € S4, and (v, w, x), {x, y,2)E C®, Then z < x;y <vyw;y<uv;l;1 =
v;1 by 1.13(3) and the SL, so z < v;Z At A = Z{v;u:u € At A}. Hence z < v;u for
someu € At U, and so (v, u, z) € C®, Thus At A satisfies 2.2(¢) and Cm At A €
SA.

Let A € RA, and (v, w, x), (x, y,z)€ C™. Then z < z;y < v;w; y = v;(w; y)
by 1.13(3) and the AL, so z < v;Z{u:w; y = u € At A}. Hence, for some u € At U,
u<w;yand z < v;u, so (w, y, u), (v, u, zy € C®. Thus At U satisfies 2.2(f), and
Cm At Y € RA.

Since ¥ is isomorphic to a subalgebra of €m At 9, it follows from the arguments
above that €m At A is a WA, SA, or RA iff A is a WA, SA, or RA, respectively.
Certainly % € RRA if €m At A € RRA, so we need only prove €m At A € RRA
whenever A € RRA.

Suppose f is an embedding of ¥ into &b E for some equivalence relation E. Let
FX= U cyfx for every X C AtU. Then it is easy to check that F embeds
Cm At Ainto Sb E,so Cm At A € RRA.

Theorem 3.13 shows that every complete and atomic NA is isomorphic to a
complex algebra. In particular, every finite NA is isomorphic to the complex algebra
of its atom structure. Obviously not every NA has this property, since there are
incomplete NA’s. However every atomic (and possibly incomplete) NA is isomorphic
to a subalgebra of a complex algebra, and we shall see later (in 4.3) that this
conclusion can be extended to all NA’s.

4. Perfect extensions. The notion of perfect extension is defined for BA’s with
operators in Definition 2.14 of [6], and applies to NA’s by 1.12.

THEOREM 4.1. Let W, B € NA. Then U is a perfect extension of B iff the following
conditions are satisfied.

(HBCA,

(2) A is complete and atomic,

(3)if X C Band 3™ X = 1, then 3™Y = 1 for some finite Y C X,

@ ifa,be At A then a;b =N1"{x;y:a<x €EB,b<y € B).

Proor. It follows from Definition 2.14 of [6] that U is a perfect extension of B iff
(1)-(4) hold and

(5) if a, b€ At U and a # b, then there is some x € B such that ¢ < x and
b-x=0,

(6) if a € At U, then a” = [I™{x" :a < x € B).
We therefore need only show that (5) and (6) are consequences of (1)—(4).

Let a € At %. We will use (4) to show a = [[®(z:a <z € B). By 3.12, €m At ¥
= € NA, so At A satisfies 2.2(c). Hence (a, e, a) € C® for some e € I™. Then
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a<ae<al'=a, so a=ae=["{x;y:a<x €B, e<y € B} by (4). How-
ever, {x;yasx€B,esy€EB}C{za<z€E€B},forifasx€Bande<y€
B, then a = a;e < x; y € B. Consequently
) )
a< H {zza<z€EB} < 11 {x;y:a<x€B,e<y€ B} =a,

soa = [[™{z:a < z € B}. Using this equation and 1.11 we have
(%) Voo
aU=(H{a<z€B}) =]l {(zY:a<z€B},

s0 (6) holds. Suppose b € At ¥ and b # a. Then0 =b - a =[1*b - z:a <z € B},
so b - z = 0 for some z € B such that a < z, i.e. (5) holds.

THEOREM 4.2. Let B € NA. Then there is some W € NA such that

(1) A is a perfect extension of B,

(2) if A’ is a perfect extension of B, then there is a unique isomorphism h of A’ onto
A such that Id ; = B1 h,

(B)Uisa WA, SA, or RA iff B is a WA, SA, or RA, respectively.

PrOOF. Theorem 2.15 of [6] insures that there is a B4 with operators % which is a
perfect extension of B, and 2.17 of [6] insures that ¥ is unique in the sense of (2).
We wish to use 2.18 of [6] to show that % € NA and (3) holds. Since complementa-
tion is not taken as a fundamental operation of BA’s in [6], the term “equationally
definable class” in 2.18 refers to a class of BA’s with operators which is definable by
equations containing no operation symbol for complementation. It follows from 1.4
that NA, WA, SA, and RA are such classes, so 2.18 applies.

It is not known whether RRA can be defined by equations without using
complementation. Nevertheless, D. Monk proved that perfect extensions of repre-
sentable RA’s are representable (as reported in [12, p. 66]).

THEOREM 4.3. Let % € NA. Then there is a structure 1 = (U, C, f, I), where C C
3U,f€e YU, and I C U, such that

(1) U satisfies 2.2(a)—(c), i.e. €m U € NA,

(2) U is isomorphic to a subalgebra of €m 1,

3) A = Cm U iff A is complete and atomic,

(4) U satisfies 2.2(d), (e), or (f) iff W is a WA, SA, or RA, respectively.

ProoF. If A is atomic, let W = At A and apply 3.13 and 2.2. Otherwise, let
U =AtB where B is a perfect extension of A. Then B =CEm U by 3.13, and
(1)-(3) follow from 2.2 and 4.2.

Theorem 4.3 may be regarded as a representation theorem, even though there are
nonrepresentable NA’s. The analogous theorem for cylindric algebras is 2.7.43 of [4],
and the comments that follow, in Remarks 2.7.46, also apply to 4.3, with certain
obvious changes.

5. Relativization. In this section we consider a generalization of the notion of
relativization from BA’s to NA’s. A similar (but different) construction is introduced
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in Definition 4.8 of [7]. The analogous construction for cylindric algebras is studied
in §2.2 of [4].

DEFINITION 5.1. Let A € N4 and x € 4. Then Rl A = {y:x =y € 4} and
ROLA=(RL A, +, -, ,—,0,x,;% Y% 1.), where .~y =—-x,y;,%z2=y;z-x,
and yU* = yY -x for all y, z € Rl A. R, A is called the relativization of ¥ to x.

Some elementary consequences of this definition are given in the next two
theorems.

THEOREM 5.2. Let W, B € NA and x,y € A.
(HRLHA=A.

2) If x < y then SRIXERIy%I =R A
BG)IfACB then RL A CRL,B.

THEOREM 5.3. Let E be an equivalence relation.
(WDWIFECUXUthenGHE =R Rel.
2)IfU€E€ (FAE)/E then ReU = R, , SHE.

Suppose A € NA and x € 4. What conditions on x are equivalent to R, A € NA?
The answer is given in 5.5 and motivates the following definition.

DEFINITION 5.4. Let A € NA. Then St % = {x:x €4 and x” = x = (I’-x); x}.
We call x a symmetric-reflexive element of W iff x € Sr A.

Suppose E is an equivalence relation and R C E. Then R € Sr &b E iff R is
symmetric (R™' = R) and reflexive over its field (Idg4 x C R).

THEOREM 5.5. Let % € NA and x € A. Then R, A € NA iff x € Sr A.

PROOF. Let R[, A € NA. Then x“* = x by 1.13(9), so x = x" -x. Using 1.13(8),
(11) we get x” = (x* -x)? = x"Y-xY = x - x” = x. Also x = 1’;*x by the IL, so
x=0x)x-x<(’x);x<1;x=x by 1.13(3) and the IL. Thus x" =x =
('-x);x,sox € Sr A.

Assume x € Sr U. Notice that y“* = y* whenever y € Rl ¥, since yV* = y" -x
=y x"=(y-x)V=y", and w;*y -z =w;y -z whenever z € Rl %«. Conse-
quently the Peircean laws for [, ¥ follow immediately from the Peircean laws for
9. For the IL in R, A, we first note that 1;*y = (I’-x);y - x < 1’;y =y, for
y € Rl %. Then we get

y=y-x=y-(I'x);x-x
<(x);(x-(Ux)5p)-x 1.4(1)
<('-x);(1'Y;p) - x 1.13(3), (12)
xy 1.13(14), IL.
Thus y = 17;*y for every y € R, %. Now if y € Rl, % then y” € Rl U since

X

yY < x" = xby 1.13(12), so y* = 1’;*y" . Then

y ___yUU: (li,ny)U — ((I,X),yu 'X)U
=y (Ux?) - xY=p; (Ix) - x = p;*1;
by 1.13(8), (11), (13), (14). Thus the IL holds in %1, %, and R, A € NA.

— 1°.
_lx’
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DEFINITION 5.6. If K C NA, then RIK = {R[, A: A € K and x € Sr A}.

THEOREM 5.7. Let K, L C NA.

(DIfKC LthenRIK<RIL.

(2)IRI K =RI1 K.

(3) K CRIK.

(4)RIRIK C RIK.

(5)RISK C SRIK.

(6) Rl and SR are closure operators on classes of NA’s.

ProoOF. (1) is obvious, and (2) is clear by general algebra. If A € N4 then
1 € Sr A by 1.13(9) and the IL, so (3) follows from 5.2(1). Let % € RIR1 K. Then
A=RI, R, B for some B € K, y €SrB, and x € Sr R, B. Since A = R, B
by 5.2(2), we only need x € Sr B. From x € St R, B we get x = xV’ =x" -y =
xUyY=(x-y)Y =x¥ since x<y, and x=(1},-x);>’x=(1"y-x)x-y<
(I'-x);x < 1’;x = x, so x € Sr B. Thus (4) holds. (5) follows from 5.2(3) and the
fact that Sr % C Sr B whenever ¥ C 8. Finally, (6) follows from (1), (3)-(5).

THEOREM 5.8. (1) Rl NA = NA.
(2) RIWA = WA.

ProOOF. Part (1) follows from 5.5 and 5.7(3). We shall prove R1WA C WA, from
which (2) follows by 5.7(3).

Let A € WA and x € Sr A. Since R1, A € NA by 5.5, it suffices to show that
R1, A satisfies the WL. Let y € R1, A. Then (1, - y);*x < (1 - y);*x;*x by 1.13(4),
and

(- p)ixs = ((P-x - )% - x)3x - x

<(y)li1 - x 1.13(3)
=(1"y);l-x WL

<) (1 (p)75x) - x 1.4(1)

<(I'y);x-x 1.13(3), (12), (14), IL
= (15 y)i™x.

The next theorem shows that SA, RA, and RRA are not closed under relativi-
zation.

THEOREM 5.9. Let U be a set, and R € Sr Re U.
(1) R is transitive iff Rl Re U = &b R.
(2) R is not transitive iff Rl ReU € WA ~ SA.

PROOF. R is symmetric and reflexive over its field, since R € Sr fte U. So if R is
transitive, then R is an equivalence relation and il Re U = &b R by 5.3(1).

Suppose R is not transitive. We know that i1, e U € WA by 5.8(2). Obviously
Rz Re Uis complete and atomic, so Rz ReU=Cm At R, Re Uby 3.13(2). We
shall show that At R, Re U fails to satisfy 2.2(e), and hence Rl Re U & SA. Note
that At Rl Re U = {{{a, b)}:{(a, b) € R}. Since R is not transitive, there are a, b,
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¢ € U such that (a, b), (b,c)E Rbut (a,c)& R. Setv = {(b,a)}, w= {{a, b)},
x = {(b,b)}, and y = {{(b,c)}. Then w, y € At RlzReU, and v, x €
At Rl ReU since R is symmetric and reflexive. Then (v,w, x), (x, y, y)€E
C1xRel) byt there is no u € At Rl Re U such that (v, u, y) € CHrRel),

We have seen that NA and WA are closed under Rl and SR1, while S4, R4, and
RRA are not; in fact, Rl RRA and SRl RRA contain complete atomic WA’s which
are not SA’s. The rest of this section is devoted to the problem of characterizing
Rl RRA and SRI RRA. We will show that every complete atomic WA is in Rl RRA,
and hence WA = SR1 RRA. The proof is divided into two parts. After a definition
and two lemmas we will show in 5.13 that every complete atomic WA is the
relativization of a complete atomic WA which satisfies a special condition. Then,
after another definition and four more lemmas, we will show in 5.19 that any atomic
WA satisfying the special condition is in RRA.

DEFINITION 5.10. Let % € NA. Then x¢ = x;x" -1’ and x” = xY ;x - I’ for every
xEA.

LEMMA 5.11. Let % € NA. Then for every x € A:
(D) (xY) = x"and (x* ) = x9,

Q) ifx <71, thenx =x%=x",

B) x=x%x = x;x".

PrOOF. (1) follows immediately from 1.13(8). Suppose x < 1’. Then, using 1.13(3),
(12), (14), 1.4(1), and the IL, we get x/=x;x" - 'sx; I’V I'sx =x;1’-I’<
x(I7-xV;0) - s x;xY - I’=x9, so x¢=x. Now x = x" by 1.13(16), so x" =
(x¥)4 = x4 by part (1). Thus (2) holds. For (3), we use 1.4(2), 1.13(3), and the IL to
get xhx<1;x=x=1;x-x<("x;x");x = x%x. The proof of x = x;x" is
similar.

LEMMA 5.12. Let % € WA. Then forall x,y,z € At X andw € I™,
(x4, x" € At Y,

Qw=x%iff x <w;x iff (w, x,x)€ C®,

B)yw = x"iff x < x;wiff {(x,w,x)€ C®,

(4) if x < y;z then x4 :yd,y’ =z and x" = z".

PROOF. Part (1) is a restatement of 3.5. If w = x?, then x <w;x by 5.11(3).
Suppose x < w;x. Then 0 # x = w;x - x < (w - x;x" );x by 1.4(2). Sincew =w - I’
and ; is normal, we get 0 = w - x;x” = w - x%. Hence w = x? by part (1). We have
shown w = x?iff x < w;x. This completes the proof of (2), since x < w;x and {(w, x,
x) € C™ are equivalent by the definition of C™. The proof of (3) is similar.

Assume x < y;z. Then

X=y;z-x
=y yz-x 5.11(3)
<y%4l1;1-x 1.13(3)
=y%l-x WL

<y%(1-(p9)75x)  1.4(1)
< yisx 1.13(3), (12), (14), IL,
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so x? =y? by (1) and (2). From 0 # x = y;z - x we get y";x - z % 0 by the LPL,
and 0 # z%; yY -x" by 1.13(7), (8), (11), (13). Hence z <y";x and x" < zY;y"
since x” € At U by 3.4. By the argument above and 5.11(1), we get z¢ = (yY)? = y"
and x" = (xV)4 = (V)4 = 7"

THEOREM 5.13. Assume % € WA and W is complete and atomic. Then W = R1, B
for some B € WA and some a € St B, where B is complete, atomic, and satisfies the
following condition:

(*) for all u, v € I® there is some x € At B ~ I'® such that x* = u, x” = v, and
x <y;z whenever y,z € At B ~I®, y! =y, y" =29 and z" = v.

PROOF. We shall assume, without loss of generality, that At % and I® X I are
disjoint. Set U = At A U (I X I™), Define f € YU as follows:

= xV ifx €At Y,
(v,u) ifx=(u,v),u,0eI®,

Let D be the subset of *U consisting of all triples of the following types:

(1a) <x, y,<xd, y’)) x"=yi x,y € AtA~ I,
(Ib)  {(x,{x",y"), y) xd:yd,x,yieAtQI~I(”),
(Ic) <<y", xd>,x,y> x"=y,x,y EAtA~I®,
(Ia)  {((x%u),(u,x"),x) uelI® xeAtd,
(11b) <x,<x’,u>,<xd,u>> uelI® xe At Y,
(1Ic) <<u,xd),x,<u,x’>> uelI® xeAtY,

) (u,0),(v,w),{u,w)) u,o,welI®.

Let ' = C™ U D. Finally, let 1 = (U, C’, f, I®) and B = €m U. Notice that
C’'NPAt YA = C® and the restriction of f to At A is . Consequently At % is a
substructure of U.

We shall prove that €m U € WA by verifying 2.2(a)—(d). For 2.2(a), (b), suppose
(x,y,2)E C". If (x, y,2)€ C™, then (fx, z, yy=(x",z, y)e C® C C’ and
(z, fr, x)={(z, y°, x)€ C™ C C’ since At A satisfies 2.2(a), (b). If (x, y, z) isa
triple of type (Ia), then (x, y, z)= (x, y,(x% y")) where x” = y? and x, y € At %
~ I, But then (xV)?=y? by 5.11(1) and xV, y E At A ~I® by 3.4 and
1.13(16), so { fx, (x4, y"), y)=(x",{(x"), y"), y) is a triple of type (Ib). Similar
observations show that every transform of a triple of type (I) is also type (I). It is
even easier to see that if (x, y, z) is type (II) or (III), then so are all of its transforms
(nothing more than the definition of f is needed). Thus U satisfies 2.2(a), (b).

Next we verify 2.2(c) in one direction. Let x € U. If x € At %, then (x,w, x) €
C C C’ for some w € I®™ since At A satisfies 2.2(c). Suppose x = (u, v) where
u,v € I®™. Then v =v?=v" by 5.11(2), so {x,v,x)= ({u,v),v,{u,v)) is a
triple of type (IIc). Now, for the other direction, suppose (x,w, y)€ C’ with
weI®™ If x, y € At U, then (x,w, )€ C® and x =y since At A satisfies
2.2(c). Suppose x = (u, v) where u, v € I, Then (x,w, y) must be type (Ilc).
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(Type (Ic) is ruled out since w & At % ~ I™.) Consequently x = (u, w?) and
y = (u,w"). But w=w?=w" by 5.11(2), so x = y. This completes the proof of
2.2(c) for 1.

For 2.2(d) we must show (w,z, z)E€ C’ whenever w € I and (w, x, x),
{(x, y, z) € C’. This certainly holds when x, y, z € At U since At A satisfies 2.2(d).
There are seven other cases depending on the type of (x, y, z). These cases are
listed below. Throughout the list we assume ¢, u, v, w € I® and x, y € At A.

(1) {w,x,xy, (x, y,{x yyec, x =yl

) (w,x,x), (x,(x",y" ), yyec, x?I=y9

3w (o x ) (phx)) (b x7) x y) EC, X =
(4) <w,<xd,u>,<xd,u>>,<<xd,u>,<u,x’>,x>€C’,

(%) (w,x,x},<x,<x’,u),(xd,u>>€C’,

(6) <w,(u,x"),<u,xd>>,<<u,xd>,x,<u,x’>>6C',

() (w,(u,0),(u,0)),({u,0),(v.q),(u.q)) € C".

Case (1). We get w = x? by 5.12(2), so (w, (x4, y"),{x% y")) is a triple of type
(1Ib).

Case (2). By 5.12(2), w = x%. But x¢ = y4, s0 (w, y, y) € C™ by 5.12(2).

Case (3). The first triple can only be type (IIb), so y¢ = w? Then y¢ =w by
5.11(2), and (w, y, y) € C™ by 5.12(2).

Case (4). Similar to case (3).

Case (5). Similar to case (1).

Case (6). The first triple must be type (IIb), so u = w? = w by 5.11(2). Then
(w, {u, x"), {u, x"y) is type (IIb) as well.

Case (7). Similar to case (6).

This completes the proof of Em I € WA.

Consider At % as an element of €m 1. We have (At )Y = {fx:x € At A} =
{x": x € At A} = At % by 3.4 and 1.13(8), and (/™ N At A);At A = IO AL A
= At¥ by the IL for €m U, so AtA € SrEm U. It is easy to check that
Rls g Cm U = Cm At A. The crucial fact, which is needed to show that these two
algebras have the same relative product, is that C’ NPAtY = C®. We have
A=Cm At A by 3.13, so, setting a = At and B=EmU, we get B € WA,
aESIB,A=CmALA =R,y EmU=RI[,B, and B is complete and atomic.
It remains to show that B satisfies (*).

First notice that At 8 = {{x}:x € At A} U {{{(u, 0)}:u,0 €IM}. If x € At A
then {x}¥ =1 N {x};{x}" = {wu €I and (x,x",u)e C'} = {wu€I™®
and (u, x, x)€ C™} since C’' N*At¥ = C™. Consequently {x}*= {x4} by
5.12(2). Similarly, {x}" = {x"}. If u,0 € I™, then {u,v)}* =1 N {(u,v)};
{((u, 0)}¥ = {w:w € I'™ and (w, (u, v),{u, v))E C’}. Sow € {(u, v)} iff w €
I™ and (w, (u, v),{u, v)) is a triple of type (IIb), which occurs iff u = w’ = w by
5.11(2). Thus {(u, v)}¥ = {u}, and similarly {{u, v)}" = {v}.
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Let u/, o' € I'®. Then u’ = {u} and v’ = {v} for some u,v € I™. Set x’ =
{{u, v)). Note that x’ € At B ~ I™®_ Lety’, 2’ € At B ~ I®, and assume

(x) ()= (u), (») =(2)", and ()" = (v}.
We must show x” = {{u, v)} C y";z". The proof splits into four cases.

Case (a). y' = {y}, 2 ={z}, y, z EAtA ~I®. From (x*) we get y?=u,
y" =24 and z” = v. Then (y, z, (u, v))= (¥, z, (¥% z")) is a triple of type (Ia), so
x' Cysz'.

Case (b). y' = {y}, y EAt A ~ID, 2/ = {{g,w)}, ¢, w € I, Using (x*) we
gety! =u,y" =g, and w = v. Then (y,{q, w),{u, 0))= (», (¥, 0),(¥% v)) is a
triple of type (IIb) and x" C y’;z’.

Case (). y' = {{q,w)}, ¢, w €I, 2/ = (z}, z € At A ~ I, From (x*) we
have ¢ = u, w = z% and z” = v. Then ({(g, w), z, (u, v))= ({u, z%), z,(u, z")) isa
triple of type (IIc), so x" C y’;z’".

Case (d). y' = {{(q, W)}, 2’ = {(s5, 1)}, g, w, 5, t €I, By (x%), g =u, w=3,
and t = v, so ((q,w); (s, ), {u,v)y= {{u,w),{w,v),{u,v)) is a triple of type
(III), and hence x" C y’; z".

DEFINITION 5.14. Assume % € NA and « is an ordinal. Then L % is the set of all
[ € **eAt U satisfying the following conditions for all k, A, u < a.

M, sTiffx =X,

(2) 1,3\ = l}\x’

3) I < L n-

The elements of L, ¥ are called A-labellings of a. Let I € L, A. A flaw in [ is a
quadruple (k, A, x, y) where k, A < a, x, y € At %, [, < x; y, and for every p < a,
either /,, # x or /5 # y. The labelling / is complete if there are no flaws in /.

LEMMA 5.15. Assume A € WA, W is atomic, | is a complete N-labelling of a, and |
maps a X a onto At A. Then N is isomorphic to a subalgebra of Re a.

Proor. Define R(x) = {{k, A):k, A <a and [, < x} for all x € 4. Clearly, if
x <y then R(x) C R(y). Suppose x < y. Then x - —y # 0, so a < x - —y for some
a € At U since U is atomic. Since / is onto, there are k, A < a such that /,, = a <x
- —y. But then (k,A)E R(x) and (k,A)& R(y), so R(x) £ R(y). We have
shown

(1) x<y iff R(x)CR(y), forallx,y€A.

Clearly R(0) = @ and R(1) = a X a. Consequently R is an embedding of B[ A into
Bl Re a.

We get Id, = R(1’) from 5.14(1), and R(x") = R(x)~" from 5.14(2). It follows
from 5.14(3) that R(x)|R(y) C R(x;y), while R(x;y) C R(x)|R(y) since [ is
complete. Thus R is an embedding of % into Re a.

LEMMA 5.16. If A € WA, A satisfies 5.13(x), | € L, N, and {x, A, x, y) is a flaw in
I, then there is some m € L, % such that ICm, m,=x, and my, =y (i.e.
(K, A, x, y) is not a flaw in m).
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PROOF. Since ¥ satisfies 5.13(x), there is a function a, mapping I® X I® into
At U ~ I such that for all u, v € I™ we have

(D.a(u, v)4 = u,

2) a(u,v) = v,

QB)ifw,z € At A, w? =u, w = z% and z" = v, then a(u, v) < w;z.
Using 3.4 and 5.12(1), we define m € («+D>*(@+ DAt 9[ as follows:

m,, =1, forallp,v<a,

— — LU —
My — X, My = X", A= Vs

m)\a:yu’ maa:xr’ —a( [.Lp.’ )’

my, = a(l'm-, x’)U ifp<aandp #k, A.

We have apparently assumed k A in the definition of m. However, suppose k = A.
Then 0# 1/, =1,<x;y-1"byS5. 14(]), $0 0 # x”;1’-y = x* -y by the LPL, and
0 # x - y“ by the RPL. Thus y = x" and y" = x, so the definition of m is merely
redundant.

The proof will be complete as soon as we show m € La+, 9. To verify 5.14(2) for
m it suffices, since m D I € L, %, to show I, = I, I, = 1,,, and [, =1, for all
p < a. These formulas follow from 1.13(8), (16). Obviously m satlsfles half of
5.14(1), namely m,, < I’ for all p < a + 1. We will prove the other half of 5.14(1)
later.

Before continuing we make some observations which will simplify the proof that /
satisfies 5.14(3).

4 x*=m,, x"=y¢ andy” =m,,.
KK AA

PROOF Since (k, A, x, y) is a flaw in /, we have [, < x;y, and so, by 5.12(4),
19, =x9 x" =y and I, = y". Since | € L, %, we have [, [,, < 1", [, <[ ;l,,
and [, <1 ,;/,,. Hence /% = [ = m,, and I7, = I,, = m,, by 5.12Q2), (3).

Thusx? =14, =m andy =1/, = mM

(5) mi, =m,, forallp,v<a+l.

PROOF. Suppose p, v <a.Thenm,, =1, <Vandm, =1, < Iw,l,“, mw,mw,
SO m uu DY 5.12(2). Thus we may assume a E {u, V} If « =p=v, then
m,‘f,, :md =(x")=x"=my, = un DY 5. 11(2),soeitherp<a = vorv<a = pu.

Supposep<a—v1f;u#x>\ thenmd =md, =a(l,, x)=1,=m,by().
If p =k, then m, = m{, = x? = m,, by(4).If[.¢ }\thenm,‘f,,zm‘{a:
V)Y =y =my = m,, by (4).

Suppose » < a = p. If v # k, A, then m mé, = (a(l,,, x")?) = a(l,,, x") =
X" =my,=m,, by (2). If » =« then md =mi, =) =x"=myu=m,,. If
v———}\,thenm —mﬁ,\—yd—x'—m = m,, by (4).

(6) m,,=m,, forallpy,»<a+l.

PROOF. Using (5) and 5.14(2) for m, we have m}, = (m,)* = m, = m,
(7) For all p, v, §£<a+ 1, the six formulas whlch can be obtamed from
m,, < m,g;mg, by permuting the subscripts p, », § are equivalent.
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PrOOF. This follows from the Peircean laws, m € (¢*DX@*D At 9[ and 5.14(2)
for m. For example, if m,, <m,;m;, then 0 #m,, = mg, -m,,, so 0%
mism,, - Mg, = mg;m,, - My, and hence m,, < myg,;m,,

Now we can show m satisfies 5.14(3). Let p, », § < a + 1. We wish to show
m,, < m,e;mg,. Suppose p, v, £ are not distinct. We may assume g = § by (7). Then

,sm
éve

mye ur?

by (5) and 5.11(3), m,, m,“,,m =m,;im,, = m,;

Suppose u, v, & are d1stmct If p, v, §<a, then m,, =1, <[l =mmg,
since / € L, A, so we may assume, by (7), that » = a. Thus g, £ < a = ». Suppose
{u, £} # {k, A\}. We may assume, by (7), that p 5 «, A. Thenm,, = m,, = a(l,,, x"),
and from (5) and (6) we get [, = m,, = mﬁf, Mye = Mg = m&, and Mey = My, =
x’, so by (1)-(3), m,, = a(l,,, x") < m,;m,,. Suppose {u, £} = {x, A}. By (7) we
may assume pu = k and £ = A since p # §. We have [, < x; y since (k, A, x, y)is a
flawinl, som,e =m =l < x;y =m;my, =m,,;m,.. Hence m,, <m,;;m,,
by (7). Thus m satisfies 5.14(3).

Finally, we show that p = » whenever m,, < I’, so that m satisfies 5.14(1). If p,
v<a then m, =1, <71, and p=v» since /€ L, A. Suppose p<a = and
m,, <. Then x =m,<m,;m,=m,m, <m, I'=m,, sox=m,. Also
yEmy Smysmy =m,m, = m;’,,,mM <1'Y;m,, =m,, and thus y = m,,.
But then x=m,, =1, and y =m, =1I,, contradlctmg the hypothesis that
(K, A\, x, y)isaflawin /.

LEMMA 5.17. If A € WA, U satisfies 5.13(x), and | € L, U, then there are some
B = a and some m € Ly A such that | C m and if {k, A, x, y) is a flaw in m, then
a <k, A.

PRrOOF. If / is complete, set 8 = a and m = [. Otherwise, let ({k;, Ag, X;, V)€ <
y) be an enumeration of the flaws in /. Set 8 = a + y and m® = I. Suppose § <y
and m® has been constructed. If (x;, As, X5, y5) is a flaw in m®, let m®*! be the
%-labelling obtained by applying 5.16 to m®. For any limit ordinal p <4y, let
mt = Us_, m®. Finally, letm = U,_ m®. Itis then easy to show that/ C m € Ly %
and m has no flaws (k, A, x, y) with k, A < a.

LemMMA 5.18. If A € WA, U satisfies 5.13(x), and | € L, N, then there is some
complete m € Lg A such that | C m.

Ka’

PROOF. Set m® = I, and for each k < w let m**! be the A-labelling obtained by
applying 5.17 to the previously constructed labelling m*. Set m = U ___m". Then m
is a complete A-labelling which contains /.

THEOREM 5.19. If W € WA, U is atomic, and N satisfies 5.13(x), then A is
isomorphic to a subalgebra of Re a, for some ordinal a.

PROOF. Since U satisfies 5.13(x), there is a function a, mapping I® X I® into
At A ~ I™, which satisfies 5.16(1)—(3). Let y =| I |, and let u be a one-to-one
function mappmg y onto I, Define I € Y*¥ At U as follows, for all k, A < y:

. ifk =A,

I, ={a(u,u) ifx<A,

u

a(u,,uy)”  ifA<k.



526 ROGER MADDUX

Using 1.13(8), (16), 5.12(2), (3), and 5.16(1)—(3) one can easily prove that / € L .
By 5.18 there is some complete m € L, U such that / C m. To complete the proof it
suffices, by 5.15, to show m is onto.

Let x At Y. If x €I® then x =u, =1, =m,, for some k <y <a, SO we
may assume x & I®). Choose k, A < y so that u, = x“ and u, = x". Then a(x¢, x")
=1, =m,.Sety = a(x", x"). Note thaty € At A ~ I™, m?, = x4, x" = y4, and
my, = y" by 5.16(1), (2). Consequently m,, < x;y by 5.16(3). Since m is complete,
there is some p < & such that m,, = x and m,, = y. Thus x is in the range of m.

THEOREM 5.20. (1) If X € WA and W is complete and atomic, then A € Rl RRA.
(2) WA = SR1 RRA.

ProOF. (1) By 5.13, A =R, B for some complete atomic B € WA satisfying
5.13(*), but B € RRA by 5.19 and 1.9(2), so A € IRI RRA = R1I RRA = Rl RRA
by 5.7(2).

(2) Every WA is a subalgebra of a complete atomic WA by 4.2, so WA C SRI
RRA by part (1). On the other hand we have RRA C WA by 1.9(1), 1.14, and 1.3, so
SR1 RRA C SRIWA = SWA = WA by 5.7(6), 5.8, and 1.5.

D. Resek proved an analogue of 5.20 for cylindric algebras in [15]. Henkin and
Resek show in [5] that there are atomic subalgebras of relativized cylindric set
algebras which are not relativized cylindric algebras. A study of their example and
the connections between WA'’s, SA’s, and cylindric algebras makes it seem possible
that there are atomic WA’s which are not relativized SA’s.

Problem 5.21. Characterize Rl RRA. Is it an elementary class? Is every atomic WA
in R1 SA? Is R1 S4A = Rl RRA?
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