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SOME VARIETIES CONTAINING RELATION ALGEBRAS 
BY 

ROGER MADDUX 

ABSTRACT. Three varieties of algebras are introduced which extend the variety RA of 
relation algebras. They are obtained from RA by weakening the associative law for 
relative product, and are consequently called nonassociative, weakly-associative and 
semiassociative relation algebras, or NA, WA, and SA, respectively. Each of these 
varieties arises naturally in solving various problems concerning relation algebras. 
We show, for example, that WA is the only one of these varieties which is closed 
under the formation of complex algebras of atom structures of algebras, and that 
WA is the closure of the variety of representable RA's under relativization. The 
paper also contains a study of the elementary theories of these varieties, various 
representation theorems, and numerous examples. 

O. Introduction. Relation algebras (RA 's) have a binary operation; which serves as 
an abstract algebraic analogue of the relative product of binary relations. (The 
relative product of R, S C U X U, is R I S = {(x, z):(x, y) E Rand (y, z) E S for 
some y E U}.) The relative product is associative, and one of the postulates for RA's 
is that ; is associative. The associativity of relative product can be expressed by a 
sentence in a first-order language with binary relation symbols, namely 

(1) \f)tA 3z {3 y(Rxy 1\ Syz) 1\ Tzy) - 3z {Rxz 1\ 3x (Szx 1\ Txy))]. 

Although this sentence has three variables, it cannot be proved from the ordinary 
axioms of first-order logic without using four variables. In contrast, all the other 
postulates for relation algebras can not only be expressed but proved using only 
three variables. (These facts were first proved by Tarski. For a proof that (1) requires 
four variables to prove, see [3].) Tarski asked whether there are any other equations 
whose translations into first-order sentences can be expressed and proved using only 
three variables, but which are not derivable from the postulates for RA's without 
using the associativity of ;. There are such equations. One of them is a special case of 
the associative law for; called the "semiassociative law", 

(2) x· (1'1) = (x'l)'l " " . 
The class SA of semiassociative relation algebras is defined by the postulates for 
RA's with the associative law for; replaced by (2). This class properly includes RA, 
as will be shown in this paper. 
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About 90% of the theorems for RA's proved in Part I of [1] for RA's carry over to 
SA's. In fact, about 80% of those theorems do not even require the semiassociative 
law, and hence apply to the even wider class of nonassociative relation algebras NA. 
The definition of NA is obtained from that of RA by omitting the associative law. 
NA's are Boolean algebras with operators in the sense of [6, Definition 2.13]. 
Consequently the Representation Theorem 3.10 of [6] can be applied. One of the 
goals of this paper is to obtain a more explicit form of this theorem for NA, SA, and 
RA. To do so we introduce the appropriate notions of complex algebra and atom 
structure, and study some of their basic properties. In the course of this study 
another class of algebras naturally arises, namely WA, the weakly-associative rela-
tion algebras. The definition of WA is obtained from that of RA by replacing the 
associative law for; by 
{3} (1'·x); (1;1) = ({l'·x};l};l. 
Note that (3) is a special case of (2). We shall see that RA C SA C WA C NA. 
Another goal of this paper is to introduce the notion of relativization for NA's and 
prove a new result for RA's involving relativization. It turns out, however, that WA 
is exactly the class of algebras for which this theorem holds. 

The paper is organized as follows. In § 1 we define the algebras which concern us 
and prove a few elementary properties of NA's. The duality theorems for RA's in [1] 
carry over to NA's and are given in §l. In §2 we define complex algebras of certain 
relational structures and characterize those structures which give use to NA's, WA's, 
SA's, and RA's. Some examples appear at the end of the section. Atom structures 
are defined and studied in §3. Theorems 3.8-3.10 in that section are reasons for 
introducing WA. Examples of NA's which are not WA's also appear there. Results 
from §§2 and 3 are combined with some theorems of [6] in §4 to yield an explicit 
form of the Representation Theorem (4.3). §5 deals with relativization. The major 
result there is that WA is the class of sub algebras of relativized representable RA's 
(5.20). 

In set-theoretical, logical, and general algebraic notation and terminology we 
follow [4]. For the theory of Boolean algebras our reference is [16]. The most 
important reference for this paper is [6]. We shall use several of the theorems in that 
paper, and refer the reader there for the definitions of Boolean algebra with 
operators, and of conjugate, self-conjugate, normal, monotone, additive, and com-
pletely additive operators on a Boolean algebra. 

1. Definitions and elementary properties. 
DEFINITION 1.1. ~ is a relation-type algebra iff ~ = (A, +, ., -,0, 1,;, u, I'), 

where +, ., and; are binary operations on A, - and U are unary operations on A, 
and 0, I, l'E A. The reduct ~l ~ = (A, +, ., -,0, I) is called the Boolean part of 
~. The Boolean operations of ~ are +, ., and -. For all x, yEA let x -; y = -« - x );( - y », and 0' = -I'. x -; y is the relative sum of x and y, x; y is the relative 
product of x and y, and XU is the converse of x. The Peircean (or relative) operations 
of ~ are +, ;, and u. The elements 0, 1,0', and I' are called the zero element, unit 
element, diversity element, and identity element, respectively. For each x E A let lx, 
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rx' l~ , and rxu be the functions mapping A into A which are defined as follows for all 
yEA: 

lAy) = x;y, rx{Y) = y;x, 
l~ (y) = XU ;y, rxu (y) = y;xu. 

Parentheses will be omitted from expressions involving the operations of a 
relation-type algebra according to the convention that the operations should be 
performed in the following order: u, -, ;, " t, +. Thus, for example, - XU = 
_(XU), -x;-y = (-x);( -y), and v t w; X . Y + z = (v;- «w;x) . y» + z. When the 
same binary operation occurs several times, the calculation proceeds from left to 
right, e.g. x;y;z = (x;y);z. 

Let ~ be a relation-type algebra. If 58 r ~ is a Boolean algebra, then we will apply 
terminology from the theory of Boolean algebras to ~, with the understanding that 
we are referring to 58 r ~. For example, ~ is complete iff 58 r ~ is complete, and 
x E A is an atom of ~ iff x is an atom of 58 r ~. 

DEFINITION 1.2. A nonassociative relation algebra is a relation-type algebra ~ = < A, 
+, " -, 0, I,;, u, I ') which satisfies the following postulates: 

(1) 58 r ~ is a Boolean algebra, 
(2) x = x; l' = l';x for every x E A, 
(3) Ix and l~ are conjugate for every x E A, i.e. x; y . z = 0 iff xu; z . y = 0 for all 

x,y,z EA, 
(4) rx and rxu are conjugate for every x E A, i.e. y;x . z = 0 iff z;x u 'y = 0 for all 

x,y,z EA. 
NA is the class of all nonassociative relation algebras. 
~ is a weakly-associative relation algebra iff ~ E NA and 
(5) {I'·x);l;l = (I'·x);l for every x EA. 

WA is the class of all weakly-associative relation algebras. 
~ is a semiassociative relation algebra iff ~ E NA and 
(6) x;l;l = x;l for every x EA. 

SA is the class of all semiassociative relation algebras. 
~ is a relation algebra iff ~ E NA and 
(7) x;y;z = (x;y);z for all x,y, z EA. 

RA is the class of all relation algebras. 

COROLLARY 1.3. (1) SA C WA C NA. 
(2) RA C NA. 

We will use "BA", "NA", "WA", "SA", and "RA" as abbreviations of the 
phrases "Boolean algebra", "nonassociative relation algebra", "weakly-associative 
relation algebra", "semiassociative relation algebra," and "relation algebra", respec-
tively. Postulates 1.2(2)-(7) will be referred to respectively as the identity law (IL), 
left Peircean law (LPL), right Peircean law (RPL), weak associative law (WL), 
semiassociative law (SL), and associative law (AL). 
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It will be shown below that 1 = 1; 1 in every NA. Hence, relative to postulates 
1.2(1 )-(4), the WL and SL are special cases of the AL, namely (1'. x); 1; 1 = 
(l'·x);(l;l) and x;l;l = x;(1;l), respectively. This is the reason for the use of the 
terms" weakly-associative" and "semiassociative" in 1.2. 

Postulates 2.1(1)-(4), (7) were first used as a definition of RA in [7]. The definition 
of RA in [1] is proved in Theorem 2.2 of [1] to be equivalent to the one adopted here. 

THEOREM 1.4. Let 2{ be a relation-type algebra with ~ ( 2{ E BA. 
(1) The following conditions are equivalent: 

(a) 2{ satisfies the LPL, 
(b) x;(y . _(XU ;z» E;;; x;y . -z and XU ;(y . -(x;z» E;;; xU;y . -z for all x, y, 

z EA, 
(c) x;o = 0, x;y . z E;;; x;(y . XU ;z) and xU;y . z E;;; XU ;(y . x;z) for all x, y, 

z EA. 
(2) The following conditions are equivalent: 

(a) 2{ satisfies the RPL, 
(b) (y. -(z;XU»;x E;;;y;x· -z and (y. -(z;x»;XU E;;;y;xU ·-z for all x, y, 

z EA, 
(c) o;x = 0, y;x . z E;;; (y . z;xu );x, and y;xU ·z E;;; (y . z;x);XU for all x, y, 

z EA. 

PROOF. Use Theorem 1.15 of [6]. Notice that if Ix (or rx) is normal for every 
x E A, then so is I~ (or rxU ). 

COROLLARY 1.5. NA, WA, SA, and RA are finitely based equational classes; 
HSPNA = NA, HSPWA = WA, HSPSA = SA, and HSPRA = RA. 

PROOF. Use 1.4 and the fact that BA's can be characterized by equations when +, 
., -,0, and I are taken as fundamental. 

We now turn to examples of RA's which motivated the abstract definition of RA 
and gave rise to the concept of representability. Let U be a set. Notice that 
Sb( U XU), the set of subsets of U X U, is closed under U, n, ux u - (comple-
mentation with respect to U X U), I (defined by R I S = {( u, w): (u, v) E R and 
(v,w)ES, for some vEU} for all R, S~UXU), and -I (where R- 1 = 
{ ( v, u): (u, v) E R}). Furthermore, if E is an arbitrary binary relation, then Sb E is 
closed under U, n, E - , I ,and - 1 iff E is an equivalence relation. 

DEFINITION 1.6. Let U be any set. Then Re U is the set of all (binary) relations on 
U, i.e., Re U = Sb(U X U), and 

9teU= (ReU, U, n, uxu-, 0, UX U, I, -1,Idu ) 

is the algebra of relations on U. 
Let E be any equivalence relation. Then 

® b E = < Sb E, U, n, E - , 0, E, I ' -I, Id Fd E) 
is the algebra of subre/alions of E. 
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THEOREM 1.7. Let U be a set and E an equivalence relation. 
(1) lRe U ERA and@So E E RA. 
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(2) lR e U is a one-element algebra iff U = 0, and @S 0 E is a one-element algebra iff 
E= 0. 

(3) For every set V, lR e V ~ lR e U iff I V I = I U I . 
(4) lRe U = @So E iff U X U = E. 
(5) @So E ~ PUE(FdE)/E lRe U. 

PROOF. Parts (1)-(4) are easy to check. For part (5), define a function f mapping 
Sb E into the direct product of the equivalence classes of E as follows: if R E Sb E 
then f(R) = < R n (U XU): U E (Fd E)/ E). It is easy to check that f is an 
isomorphism. 

DEFINITION 1.8. A RA ~ is representable if it is isomorphic to a subalgebra of 
@So E, for some equivalence relation E. RRA is the class of all representable RA's, 
i.e. RRA = IS{@So E:E is an equivalence relation}. 

THEOREM 1.9. (1) RRA eRA. 
(2) lR e U E RRA for every set U. 
(3) @S 0 E E RRA for every equivalence relation E. 
(4) HSPRRA = RRA. 

PROOF. Parts (1)-(3) and SPRRA = RRA are easy to prove using 1.7. For a proof 
of HRRA = RRA, see Theorem 2.5(i) of [17], or Corollary 11 of [11]. 

The rest of this section will be devoted to some elementary properties of NA's 
which will be needed in this paper. 

THEOREM 1.10. Let ~ be a relation-type algebra in which the Peircean laws hold. 
Then ; is normal and completely additive. 

PROOF. The operation; is normal and completely additive iff I x and rx are normal 
and completely additive for all x E A, so the theorem follows immediately from 
Theorem 1.14 of [6]. 

THEOREM 1.11. Let ~ E NA. Then U is self-conjugate, normal, and completely 
additive. 

PROOF. In view of Theorem 1.14 of [6], it suffices to show U is self-conjugate, i.e. 
XU .y = 0 iff x . yU = 0 for all x, yEA. Each of the following formulas IS 

equivalent to the one preceding it (if any) for the reason given to the right. 

0= XU .y 

0= XU ;I'·y IL 
0= x;y· l' LPL 
0= I';yu· x RPL 
0= X· yU IL. 

THEOREM 1.12. Every NA is a normal BA with operators. 

PROOF. Use 1.10 and 1.11. 
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THEOREM 1.l3. Let 2( E NA. Then/or al/w, x,y, z E A we have 
(1) (x + y);z = x;z + y;z, 
(2) x;(y + z) = x;y + x;z, 
(3) i/w 0;;; x andy 0;;; z, then w;y 0;;; x;z, 
(4) x 0;;; x; 1 and x 0;;; 1; x, 
(5) 1 = 1;1, 
(6)(x + y)U = XU +yU, 
(7) OU = 0, 
(8) x Uu = x, 
(9) IU = 1, 

(1O)(-x)U = -xu, 
(lI)(x . y)U = XU .yU, 
(I2)x o;;;y if/xu o;;;yU, 
(l3) (x;y)U = yU ;xu , 
(14) l'u= l' andO'u= 0', 
(15) ifx,y 0;;; l' then x;y = X· y, 
(16) if x 0;;; l' then XU = x. 

PROOF. (1)-(3) follow immediately from 1.10. Using (3) and the identity law, we 
get x = x;I' 0;;; x;I and x = I';x 0;;; I;x, so (4) holds. Since 1;1 0;;; 1, we get (5) from 
(4). (6) and (7) follow from 1.11. For (8) we first notice that the following formulas 
are equivalent: 

o =X'y 
0= x;I'·y IL 
o = xu; y . l' LPL 
o = x uu ; 1 ' . y LPL 
0= xuu.y. 

We get xUu = x by first replacingy by -x, and then by _XUU . Note that 1 = 1 + IU, 
so by (6) and (8) we get (9) as follows: 1 = 1 + I U = I UU + I U = 
(IU + I)u = I U • For (10) we first get -x . xUu = 0 from -x' x = 0 by (8), and then 
(-x)U 'xu = 0 by 1.11. Also, by (6) and (9), (-x)U +xu = (-x + x)U = IU = 1. 
It follows that (- x)U = -xu. (11) follows from (6) and (10), and (12) follows from 
(6) and (8). For (l3), we first note that the following formulas are equivalent: 

0= (x;y)u. z 

O=x;y·zu 1. II 
0= XU ;zu 'y LPL 
0= y;z' XU RPL 
0= yU ;xu ·z LPL. 

Let z = _(x;y)U , and then let z = _(yU ;XU). It follows that (x;y)U = yU ;xu . By 
(13), (8), and the IL, we have l'u = I'u; l'uu = (I'U; I')U = l'uu = I', and hence, by 
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(10), O'U= (-l')U = _l'u= -1'= 0'. Thus (14) holds. To prove (15) and (16), we 
assume x, y .;;; l' and proceed as follows: 

x;y';;;x;I'·I';y (3) 
=x .y IL 
= x;I'·y IL 
.;;;x;{I'·xu;y) 1.4(1) 
.;;;x;{I'u;y) (3), (12) 
=x;y (I4),IL 

so (15) holds. We have 

x=I';x·I' IL 
.;;;(1'·I';xU);x 1.4(2) 
.;;; I';xu ;1' (3) 
= XU IL 

so, by (12) and (8), we also get XU .;;; x Uu = x. Thus (16) holds, and the proof is 
complete. 

COROLLARY 1.14. RA ~ SA. 

PROOF. Use 1.13(5). 
DEFINITION 1.15. For every relation-type algebra 

m: = (A, +,., -,0,1,;, u, 1') 

let 

m: U = (A, +,., -,0, 1, ;u, u, 1') 

where x; uy = y;x for all x,y E A, 

m:- = (A, ., +, -,1,0, + U 0') " , , 
and 

m: ' = (A,., +, -, 1,0, -; u, U,O'), 

where x -; uy = y -; x for all x, yEA, and let x' = -xu for every x EA. 

THEOREM 1.16. Let m: E NA. Then m: ;;;; m: u ;;;; m:- ;;;; m: ' = (m:-)U = (m:U)- . In 
particular, the operations u, -, and I are involutions (i.e. x = x Uu = - - x = x") 
and are isomorphisms between these algebras as indicated in the following diagram: 

I-x 
~- +-( ---x.,.,--;-;u----+) ~' 
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PROOF. We get x = X UU = - - x = x" from 1.13(8), (10), so U, -, and ' are 
one-to-one and onto. The fact that they are also homomorphisms can be expressed 
by a number of identities, each of which can be easily derived from 1.13(6)-(11), 
(13), (14). 

Given any theorem for NA's, we can obtain three other (not necessarily different) 
theorems for NA's by changing the operations in the original theorem to the 
corresponding operations of anyone of the dual algebras 2( U , 2( - , and 2('. (Thus 
there are three duality principles, which are discussed more fully in [1].) For 
example, if 2( E NA, then 2( E WA iff 2( satisfies any (or all) of the following 
identities: (l'·x);l;l = (1'·x);l, l;(1;(l'·x» = l;(1'·x), (O'+x) tOt 0 = 
(0' + x) to, 0 t (0 t (0' + x» = 0 t (0' + x). 

2. Complex algebras. 
DEFINITION 2.1. Let U = (U, c, f, J) where C C 3 U, fEu U, and J C U. Then 

~m U = (SbU, U, n, U~, 0, U, ;, u,1) where X;Y= {z:(x, y, z)E C for 
some x E X, Y E Y} and XU = {fx: x E X} for all X, Y E Sb U. ~ m U is called the 
complex algebra of U. 

The complex algebra of a structure is defined in Definition 3.8 of [6] for the case 
in which the structure has arbitrarily many finitary relations. If we were to treat f as 
a binary relation, then 2.1 would be a special case of the definition in [6]. 

The notion of complex algebra also occurs in universal algebra (see [2, p. 379]), 
but with a different meaning: the Boolean operations are not included, and the 
notion is defined only for algebras (structures with functions and no relations). 

THEOREM 2.2. Let U = (U, C,f, 1) where C C 3 U,f E uu, and J C U. 
(1) ~m U is a relation-type algebra, ~I ~m U is a complete atomic BA, and the 

operations; and U are normal and completely additive. 
(2) ~ m U E NA iffU satisfies the following conditions for all x, y, z E U. 

(a)Jf(x,y,z)E Cthen (/x,z,y)E C, 
(b) if (x,y, z) E C then (z,fy, x) E C, 
(c) x = y iff there is some wE J such that (x, w,y) E C. 

(3) ~m U E WA iffU satisfies (a)-(c) and 
(d) ifw E J and (w, x, x), (x,y, z) E C, then (w, z, z) E C. 

(4) ~m U E SA iffU satisfies (a)-(c) and 
(e) if (v, w, x), (x,y, z) E C then there is some u E U such that (v, u, z) E C. 

(5) ~m U ERA iffU satisfies (a)-(c) and 
(f) if (v, w, x), (x,y, z)E C then there is some u E U such that (v, u, z), and 

(w,y, u)E C. 

PROOF. (1) is easy to check. (See Theorem 3.3 of [6].) 
(2) Assume 6:m U E NA. We first prove (a) and (b). Let (x, y, z)E C. Then 

{z} C {x};{y}, or, equivalently, {x};{y} n {z} =1= 0. Applying the LPL yields 
{/x};{z} n {y} = {x}U;{z} n {y} =1= 0, so (fx, z, y)E C. Similarly, the RPL 
yields (z,fy, x) E C. 

If wE J and (x, w, y) E C, then y E {x};{w} C {x};J = {x} by the IL, so 
x = y. Conversely, if x = y theny E {x} = {x};J, so there is some wE J such that 
(x, w, y) E C. Thus (c) holds. 
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To proceed further we need the following. 

LEMMA. II U satisfies (a) and ( c), then Ilx = x lor every x E U. 

PROOF. Let x E U. Then (x, w, x) E C for some wEI by (c). Using (a) twice we 
get (Ix, x, w) E C and then (1Ix, w, x) E C. Consequently Ilx = x by (c). 

Now we assume U satisfies (a)-(c) and show ~m U E NA. Since mr ~m U E BA 
we need only prove the identity and Peircean laws. Let X C U. If x E X, then (x, w, 
x) E C for some wEI by (c), so x E {x};{w} C X;I. Thus XC X; I. On the other 
hand, ify E X; I, then (x, w,y) E C for some x E X and wEI, but x = y by (c), so 
y E X. Thus X;I C X, and we have X = X; I. Let x EX. Then (Ix, w,fx) E C for 
some wEI by (c). We get (1Ix, lx, w) E C by (a), and then (w, x, x)= (w, Ilx, 
Ilx)E C by the lemma and (b). Thus x E {w};{x} C I; X, so we have shown 
Xc I; X. Now lety E I; X, i.e. (w, x,y)E C for some wEI and x EX. Then (y, 
lx, w)E C by (b), so (fy, w, Ix)E C by (a). Applying (c) we get fy = lx, so 
y = Ify = Ilx = x by the lemma. Thus y E X, which shows I; X C X. The proof of 
the identity law is complete. 

The Peircean laws hold in ~ m U iff the following formulas are equivalent for all 
X, Y, Z E SbU:X;Y n Z =1= 0, XU;Z n Y=I= 0, Z;Yu nX=I= 0. We shall only 
prove the first two are equivalent; the other equivalences can be proved similarly. 

Let X;Y n Z =1= 0. Then (x, y, z)E C for some x E X, Y E Y, z E Z. By (a), 
(Ix, z, y)E C, so 0 =1= {/x};{z} n {y} = {x}U ;{z} n {y} C XU;Z n Y. Now 
suppose XU;Z n Y=I= 0. Then there are x E X, Y E Y, z E Z such that (Ix, z, 
y) E C. By the lemma and (a), (x,y, z)= (1Ix,y, z) E C, so X;Y n Z =1= 0. 

(3) Assume ~m U E WA. Then (a)-(c) hold by (2). Suppose wE J and (w, x, x), 
(x, y, z) E C. Then {x} C {w};{x} and z E {x};{y}, so z E {w};{x};{y} C 
{w};U;U = {w};U by the WL. Consequently (w, v, z) E C for some v E U. But 
v = z since z E {w};{v} C J;{v} = {v} by the IL, so (w, z, z) E C. Thus (d) holds. 

Assume U satisfies (a)-(d). Then ~m U E NA by (2), so we need only prove the 
WL for ~m U. Let WE Sb U and z E (l n W);U;U. Then there are w E J n W, 
u E U, x E (l n W);U, and y E U such that (w, u, x), (x, y, z) E C. But 
x E {w};{u} C J;{u} = {u}, so x = u. It follows from (d) that (w, z, z) E C, so 
z E {w};{z} C (l n W);U. Thus (l n W);U;U C (l n W);U. The opposite inclu-
sion follows from 1.13(4). 

(4) Assume ~m U E SA. Then (a)-(c) hold by (2). Suppose (v, w, x), (x, y, 
z)E C. Then z E {x};{y} C {v};{w};{y} C {v};U;U= {v};U by the SL, so 
(v,u,z)E Cforsomeu E U. Thus (e)·holds. 

Now suppose U satisfies (a)-(c) and (e). Then ~m U E NA by (2), and V;U C 
V; U; U for every V E Sb U by 1.13(4). Suppose z E V; U; U. Then there are v E V, 
wE U, x E V;U, andy E Usuch that (v, w, x), (x,y, z)E c. By (e) thereis some 
u E U such that (v, u, z)E C, so z E {v};{u} C V;U. Therefore V;U;U= V;U, 
and~m U E SA. 

(5) Assume ~m U ERA. Then (a)-(c) hold by (2). Let (v, w, x), (x,y, z)E C. 
Then z E {x};{y} C {v};{w};{y} = {v};({w};{y}) by the AL, so there is some 
u E {w};{y} (hence (w,y, u) E C) such that (v, u, z) E C. Thus (f) holds. 
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Suppose U satisfies (a)-(c) and (f). Then ~m U E NA by (2). We need only show 
V; W; Y ~ V;(W; Y) for all V, W, Y E Sb U, since the AL follows from this by 1.16. 
Let z E V; W; Y. Then there are v E V, W E W, x E V;W, andy E Y such that (v, 
w, x), (x, y, z) E C. By (f) there is some u E U such that (v, u, z), (w, y, u) E C. 
Hencez E {v};{u} ~ (v};({w};{y}) ~ V;(W;Y). Thus V;W;Y ~ V;(W;Y). 

Problem 2.3. Is there a set of first-order conditions on U = (U, C, f, [) which is 
equivalent to ~m U E RRA? In other words is {U:~m U E RRA} an elementary 
class? 

Some sufficient conditions for ~ m U E RRA are known. For example, it follows 
from Theorems 4.27 and 4.29 of [7] that ~m U E RRA whenever U satisfies (a)-(c) 
and (f), and [= {w:(x, w, x)E C for some x E U}. An alternative formulation of 
this condition can be obtained by showing that if U satisfies (a)-(c) and (f) (i.e. 
~m U ERA) then [= (w:(x, w, x) E C for some x E U} iff C is functional (i.e. if 
(x, y, z), (x, y, w) E C, then z = w). A more general sufficient (but not necessary) 
condition for ~ m U E RRA can be obtained from Theorem 7 of [11]: if U satisfies 
(a)-(c) and (f), and for every u E Uthere arep, q E Usuch that (p, u, q)E C, and 
wE [whenever (p, w,p)E Cor (q, w, q)E C, then ~m U E RRA. 

DEFINITION 2.4. Let a be a nonzero cardinal and let X ~ {I, 2, 3}. Then 

Da = U {(O, K, K), (K, 0, K), (K, K, O)}, 
"<Of 

and 

THEOREM 2.5. (1) Let U E NA. Then U ~ &a(X)for some a> 0 and some X ~ {I, 
2, 3} iff the follOWing conditions hold: 

(a) XU = x for every x E A, 
(b) U is complete and atomic, 
(c) l' is an atom ofW" 
(d) if f is a permutation of the atoms of w', and f l' = 1', then f can be extended to 

an automorphism of w'. 
(2) & a< X) = & p( Y) iff one of the follOWing conditions holds: 

(a) 1 = a = p, 
(b) 2 = a = pand{l} n X= {l} nY, 
(c)3 = a = P and {I,2} n X= {l,2} n Y, 
(d)3 < a = P and X = Y. 

(3) & ,.( X) E WA ~ SA iff one of the following conditions holds: 
(a) 3 = a and X is {3} or {I, 3}, 
(b) 3 < a and Xis 0, {l}, {3}, or {l,3}. 

(4) & a( X) E SA ~ RA iff one of the follOWing conditions holds: 
(a) 4 = a and X = {l,3}, 
(b) 4 < a and X = {3}. 

(5) & a( X) E RA in all cases not listed in (3) or (4). 
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PROOF. (1) and (2) are fairly obvious. For (3)-(5) use 2.2. 

COROLLARY 2.6. RA C SA C WA. 
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Algebras which show WA c NA will be constructed later. It is well known that 
RRA eRA. (This was first proved in [8].) For some values of a and X, @ a( X) is a 
nonrepresentable RA. For example, if 4..; a, then @i{2}) ERA - RRA (see [10] or 
[12, p. 63]), and it follows from [9] that @i{I,3}) ERA - RRA iff there is no 
projective plane of order a - 2. The Bruck-Ryser Theorem, on the nonexistence of 
projective planes, implies that @ i {I, 3}) E RA - RRA for infinitely many values of 
a. These nonrepresentable RA's are used in [14] to show that RRA is not finitely 
axiomatizable. In the other direction, we have @ i X) E RRA whenever @ i X) E RA 
and a"; 3, @i{3}) E RRA, and @i{I,2}), @i{I,2,3}) E RRA for all a. (See [12].) 
The remaining unsettled cases are collected in the following problem. 

Problem 2.7. For what values of a is @i{2,3}) E RRA or @a({1,3}) E RRA? 

3. Atom structures. 
DEFINITION 3.1. Suppose 2! is a relation-type algebra such that ~r 2! E EA. Let 

At 2! be the set of atoms of 2!, i.e. At 2! = {x: 0 =1= x E A and for every yEA, 
either x . y = 0 or x . y = x}. We say that U preserves atoms in 2! if XU EAt 2! 
whenever x E At 2!. 

DEFINITION 3.2. Suppose 2! is a relation-type algebra, ~ r 9l E EA, and U 

preserves atoms in 9l. Then 9lt 9l = (At 9l, C(~), u, I(~» is the atom structure of9l, 
where C(~) = {(x,y, z):x,y, z EAt 9l and x;y ;;;. z} and I(~) = {x:l';;;' x EAt 9l}. 
The triples in C(~) are the cycles of 2!, and the elements of I(~) are the identity atoms 
of 2!. 

THEOREM 3.3. Let U = (U, C, f, I) where C ~ 3 U, fEu U, and I ~ U. Then U 

preserves atoms in ~m U and 2!t ~m U ~ U. In fact, ({x}:x E U) is an isomor-
phism from U onto 9l t ~ m U. 

THEOREM 3.4. If 2! E NA, then U preserves atoms in 9l. 

PROOF. Let x E At 9l. Then for every yEA, either x . yU = 0 or x . yU = x. But 
x . yU = 0 iff XU 'y = 0 by 1.11, and x . yU = x iff XU 'y = XU by 1.13(11), (8). 
Hence XU 'y = 0 or XU 'y = xu. Also, 0 =1= XU since otherwise 0 = OU = x Uu = x 
by 1.13(7), (8). Thus XU EAt 9l. 

The notion of atom structure was introduced as a way of recapturing the structure 
from which a complex algebra is constructed, as in 3.3. (A similar situation occurs in 
[4, pp. 453-461].) But this construction can be applied to any NA, as shown by 3.4, 
so we may consider the algebra ~m 9lt 9l obtained from an arbitrary 9l E NA. We 
shall see that ~ m 9l t 9l ~ 2! whenever 2! is complete and atomic, but ~ m 2! t 2! fl N A 
for some complete nonatomic 2! E NA. On the other hand, ~m 2!t 2! E WA 
whenever 2! E WA. To prove the latter result we need a theorem about atoms in 
WA's which fails for NA's. 

THEOREM 3.5. Let 2! E WA. If x EAt 2!, then x;x u ·1', xU;x . l'E At 2!. 
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PROOF. Let x E At~. We first show x;xu ·I'E At~. We have 0 =1= x = I';x· x 
by the IL, so 0 =1= x;xu ·1' by the RPL. Let yEA, and suppose x;xu ·I'·y =1= O. 
Then (1' . y); x . x =1= 0 by the RPL, and hence x .;;; (1' . y); x. Consequently 

x;XU ·1'.;;; (l'·y);x;XU ·1' 
.;;; {I'·y);I;I . l' 
= {I'·y);1· l' 
.;;; (I',y); (1 . (I'.y)u ;1') 
.;;;y;(I'U;I') 
=y 

1.13(3) 
1.13(3) 
WL 

1.4(1) 

1.13(3), (12) 
1.13(I4),IL 

so x;xu ·I'·y = x;xu ·1'. Thus x;xu ·I'E At~. One can prove xU;x· I'E At ~ 
similarly, or notice that xU;x . l' = (x;XU ·I')U by 1.13(8), (11), (13), (16) and use 
3.4, or apply 1.16. 

DEFINITION 3.6.91 = (i£m({O, I,2}, C, Id 3 , 1') where 1'= {O, I} and C = {(O, 0, 
0), (I, 1, 1), (0,2,2), (2,0,2), (2,2,0), (1,2,2), (2, 1,2), (2,2, I)}. 

THEOREM 3.7. (1) 91 E NA ~ WA and WA c NA. 
(2) Theorem 3.5 fails in 91. 

PROOF. It is easy to check that 91 is the complex algebra of a structure satisfying 
2.2(a)-(c), so 91 E NA. 91 f/. WA since {O}; {O, 1, 2} = {0,2} but {O}; {O, 1, 2}; 
{O, 1, 2} = {0,2}; {O, 1, 2} = {O, 1, 2}. Theorem 3.5 fails since {2} EAt 91 but {2}; 
{2}U nI'= I'f/.At91. 

THEOREM 3.8. If~ E WA, then (i£m ~t ~ E WA. 

PROOF. It suffices to show ~t ~ satisfies 2.2(a)-(d). Let (x, y, z) E C(~!). Then 
x;y;;;. z, so x;y . z =1= O. We get xU;z . y =1= 0 and z;yU ·X =1= 0 by the Peircean laws, 
so xU;z;;;. y and z;yU ;;;. x since x, y E At ~. Hence (XU, z, y), (z, yU , x) E C(2l). 

Thus ~t ~ satisfies 2.2(a), (b). 
If wE I(2l) and (x w y)E C(2l) then y.;;; X'W';;; x'I'= x so y = x since x , , , '" , 

Y E At~. On the other hand, for any x E At ~ we have xU;x· I'E At ~ by 3.5, 
and (x, xU;x· 1', x)E C(~) since x = x;I'·x';;; x;(1'·xu ;x) by the IL and 1.4(1). 
Thus 2.2( c) holds. 

Suppose w E I(~) and ( w, x, x), (x, y, z) E C(2l). Then w.;;; 1', x.;;; w;x, and 
z .;;; x; y, so z .;;; w; x; y .;;; w; 1; 1 = w; 1 by 1.13(3) and the WL. Consequently z = 
w;I . z.;;; w;(1 . W U ;z).;;; w;(I'U;z) = w;z by 1.4(1), 1.13(3), (12), (14), and the IL. 
Thus (w, z, z) E C(2l), so ~t ~ satisfies 2.2(d). 

THEOREM 3.9. There is a complete ~ E NA such that (i£m ~t ~ f/. NA. 

PROOF. Let ~ = (B, +, ., -, 0, 1) be the direct product of a complete atomless 
BA (e.g. §20(C) of [16]) and a 2-element BA. Then ~ is a complete infinite BA with 
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exactly one atom. Let 0' be the unique atom of m and let l' = -0'. Define ; on 
B X B as follows: 

o if x = 0 or y = 0, 
x . y if 0 ¥ x .;;; l' and 0 ¥ y .;;; 1', 

x;y = x' y + 0' 
x .y+ 0' 
1 

ifx~O'andO¥=y';;; 1', 
if 0 ¥ x .;;; l' and y ~ 0', 
ifx~O'andy~O'. 

Set ~ = (B, +, ., -,0, 1, ;, IdB , 1'). Notice that; is commutative. We shall see 
that ~ E NA but the IL fails in ~m ~t ~. 

The verification of the IL in ~ splits into three cases: if x = 0, then x; l' = 1';x = 
0= x; if 0 ¥= x.;;; 1', then x;l' = l';x = l'·x = x; finally, if x ~ 0', then x; l' = l';x 
= x' 1'+0'= x' l'+x' 0'= X· (1'+0') = X· 1 = x. 

Let x, y, z E B and set a = x;y . z, b = x;z . y, and c = z;y . x. To show ~ 
satisfies the Peircean laws it suffices, since converse is the identity in ~, to show 
a = 0 iff b = 0 iff c = O. If 0 E {x,y, z}, then a = b = c = 0, so assume 0 ¥= x, y, z. 
The following facts are easy to check. If x + Y .;;; l' or x + z .;;; l' or y + z .;;; 1', then 
a = b = c. If 0'.;;; x . y and z.;;; 1', then a = z ¥ 0 and 0'.;;; b = c. Similarly for 
permutations of x, y, and z. Finally, if 0'';;; x . y . z, then a = x ¥ 0, b = y ¥ 0, and 
c = z ¥ O. This exhausts the possibilities, and in each case a = 0 iff b = 0 iff c = O. 
Thus~ E NA. 

However, At 2£ = {O'}, C(~) = {(O', 0', O')}, and I(~) = 0, so ~ m 2£ t 2£ ~ 
({O, I}, +, " -,0, 1, " Id{o,I}' 0). The IL fails since 1;0 = 1 ·0 = 0 ¥ 1, so 
~m 2£t 2£ f£. NA. 

Theorem 3.9 shows that the hypothesis of 3.8 cannot be weakened from 2£ E WA 
to 2£ E NA. The next theorem shows that no stronger conclusion than ~m 2£t 2£ E 
WA can be obtained by assuming 2£ E RRA. 

THEOREM 3.10. There is some 2£ E RRA such that ~m 2£t 2£ E WA ~ SA. 

PROOF. Let U = {eoo, e1\' e22' d1\' d22 , dOl' d JO , d02 ' d 20 }, U' = U U {d[2:r E Q} 
U {d21 :r E Q} (where Q is the set of rational numbers), and 1= {eoo, e1\' e22 }. 
Define f on U' as follows, for all r E Q: 

x eoo e1\ e22 d1\ d 22 dOl dJO d02 d 20 d[2 d21 
fx eoo e1\ e22 d1\ d 22 dJO dOl d 20 d02 d21 d 12 

Notice that U is closed under f. If (x, y, z) E 3 U' then the transforms of (x, y, z) 
are (x,y, z), (Ix, z,y), (y,fz,fx), (fy,fx,fz), (fz, x,fy), and (z,fy, x). Let C' be 
the set of transforms of the following triples, for all r, sEQ: 

(e1\' ell' e1\), (e22 , e22 , e22 ), (eoo , eoo, eoo), 
(d1\' e1\' d1\), (d22 , e22 , d 22 ), (d JO , eoo, d JO ), 

(dOl' e1\' dOl)' (d02 ' e22 , d02 )' (d20 , eoo, d 20 ), 
(d21 , e1\' d 21 ), (d I2 , e22 , d I2 ), 
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(dIP d l1 , d l1 ), (d22 , d22 , d 22 ), (dol' d[2' d02 )' 
(dol' dIP dOl)' (d02 ' d 22 , d02 )' 
(d~I' d l1 , dil)' (dh, d22 , dh)· 

Let C = C' n 3 U. Let m = ~m(U, C, /, I) and ~ = ~m(U', C', /, I). We will 
show: 

(l)m E WA ~ SA, 
(2) ~ E RRA, 
(3) for some 2( (;;; ~, ~m 2(t 2( ~ m. 

If (1)-(3) hold, then the proof is complete, since 2( E RRA by (2) and (3), but 
~m 2(t 2( E WA ~ SA by (1) and (3). 

It is clear that (U, C, /, I) ~atisfies 2.2(a)-(c), and it is easy to show that it also 
satisfies 2.2(d), so m E WA. On the other hand, m f£ SA since (U, C, /, I) does not 
satisfy 2.2(e): (dOl' d lO , eoo ), (eoo, d02 ' d02 ) E C but there is no x E U such that 
(dOl' x, d02 )E C. 

To show ~ E RRA we need two countable infinite disjoint sets K and L, an 
element m f£ K U L, and a function p: (K XL) U (L X K) ~ Q which has the 
following properties: 

(4)p(k, I) = p(l, k) for every k E K and IE L, 
(5) if kl' k2 E K, kl =1= k2' and r, sEQ, then there is some IE L such that 

p(kl' I) = r andp(k2' I) = s, 
(6) if II' 12 E L, II =1= 12, and r, sEQ, then there is some k E K such that 

p(k, II) = r andp(k, 12) = s. 
Such sets and functions are easy to construct. For example, let Mo = Q, MI = Mo 

X Q X Mo X Q, and Mn+2 = Mn U (Mn+1 X Q X Mn+1 X Q) for every n < w. Set 
K= Un<wM2n and L= Un<wM2n+l. If (x, r,y, s)EMnXQXMnXQ and 
x =1= y, then set 

(7)p(x, (x, r,y, s» = p«x, r,y, s), x) = r, 
(8) p(y, (x, r, y, s» = p«x, r, y, s), y) = s, 

and letp(k, I) = p(l, k) = 0 for all k E K, I E L, not covered in (7) or (8). (In fact, 
since (7) and (8) imply (5) and (6), P can be extended to (K XL) U (L X K) in any 
manner consistent with (4), (7), and (8).) 

Suppose K, L, m, and p satisfy (4)-(6). Then we get an embedding F of ~ into 
9le(K U L U {m}) as follows: 

F(eoo) = {(m, m)}, F(dOl ) = {m} X K, F(e l1 ) = Id K , 

F(d lO ) = KX em}, F(e22) = Id v F(do2 ) = {m} XL, 
F(d l1 ) = K X K, F(d20 ) = L X {m}, F(d22 ) = L X L, 

F(d[2) = {(k, I):k E K, I E L,p(k, l) = r} for all r E Q, 

F(d~l) = {(I,k):/EL,kEK,p{l,k)=r} forallrEQ, 

F(X) = UF(x) foralIX(;;;U'. 
xEX 

Thus ~ E RRA. Now we choose 2( (;;; ~. Let H be the set of all subsets of Q which 
are finite unions of intervals Q n (a, b) where a and b are irrational. Then (H, U, 
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n, Q ~ , 0, Q) is an atomless BA. Let A be the set of subsets of U' of the form 
XU {d[2:r E R} U {dil:S E S} where XC U and R, S E H. Then it is not dif-
ficult to verify that A is closed under U, n, U' ~ , ;, and u, hence is the universe 
of a subalgebra 2f of ~, and that ~ m 2f t 2f ~ ~. 

Problem 3.l1. Characterize the class {~m 2ft 2f: 2f E RRA}. Does it contain every 
complete atomic WA? What variety does it generate? 

Problem 3.12 (raised by Don Pigozzi). Suppose K C NA, K is a variety, and 
~m 2ft 2f E K for every 2f E K. Is K C WA? 

The algebras used in the proofs of 3.9 and 3.10 are not atomic. The next theorem 
shows that this is unavoidable. 

THEOREM 3.13. Assume 2f E NA and 2f is atomic. 
(l) 2f is isomorphic to a subalgebra of ~ m 2f t 2f. 
(2) 2f ~ ~ m 2f t 2f iff2f is complete. 
(3) ~m 2ft 2f E NA. 
(4) ~m 2ft 2f is a WA, SA, RA, or RRA iff 2f is a WA, SA, RA, or RRA, 

respectively . 

PROOF. (1) Define f: A ~ Sb At 2f by fx = {a: x;;.. a EAt 2f} for every x EA. It 
is well known that f embeds ~ I 2f into ~ [ ~ m 2f t 2f (see [16, Theorem 9.1, p. 28]), 
and x = ~ fx for every x EA. Obviously, fl' = [(IJl>, so we need only show 
f(x;y) = fx;fy and f(x U) = Ux)U for all x, yEA. To establish the first formula, 
note that the following formulas are equivalent for every a E At 2f. 

a Ef{z;y), 

a .,.; x; y = ~ {b; c: b E fx, c E fy} , 

a .,.; b; c for some b E fx, c E fy, 

(b,c,a)E C(IJl) forsomeb Efx,c Efy, 
a Efx;fy. 

Another sequence of equivalent formulas, with a EAt 2f, proves f(x U) = Ux)U ; 

a Ef{xU ), a"'; XU = {~fx)u = ~ bU , 

bEfx 

a = bU forsomeb Efx, a E (tx)U . 

(2) If 2f ~ ~ m 2f t 2f, then 2f is obviously complete. Suppose 2f is complete. In 
view of (1), it suffices to show f is onto. Let X CAt 2f. Then ~X exists and 
f(~X) = X. Thus f is onto and 2f ~ ~ m 2f t 2f. 

(3) We show 2ft 2f satisfies 2.2(a)-(c). The proof of 2.2(a), (b) and half of (c) is the 
same as the first part of the proof of 3.8. For the other half of 2.2(c) we must prove, 
given x E At 2f, that (x, w, x) E C(IJl) for some w E [(IJl). This follows from x = 
x;l' = x;:U(IJl) = ~{x;w:w E [(IJl)}. Thus ~m 2ft 2f E NA. 

(4) We will prove that if 2f is a WA, SA, or RA, then 2ft 2f satisfies 2.2(d), (e), or 
(f), respectively. 
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Let 2( E WA, w E /(W,), and (w, x, x), (x, y, z) E C(W,). Then z.;;; x;y.;;; w;x;y 
.;;; w;I;1 = w;1 by 1.13(3) and the WL, so z.;;; w;~At 2( = ~{w;u:u EAt 2(}. Hence 
z.;;; w;u for some u EAt 2(. However z.;;; w;u.;;; 1';u = u, so z = u, and 
(w, z, z) E C(W,). Thus 2.2(d) holds in 2(t 2( and ~m 2(t 2( E WA. 

Let 2( E SA, and (v, w, x), (x, y, z) E C(W,). Then z.;;; x;y.;;; v;w;y.;;; v;I;1 = 
v; 1 by 1.13(3) and the SL, so z .;;; v;~ At 2( = ~{v; u: u E At 2(}. Hence z .;;; v; u for 
some u E At 2(, and so (v, u, z) E C(W,). Thus 2( t 2( satisfies 2.2( e) and ~ m 2( t 2( E 
SA. 

Let 2( ERA, and (v, w, x), (x, y, z)E C(W,). Then z.;;; z;y';;; v;w;y = v;(w;y) 
by 1.13(3) and the AL, so z.;;; v;~{u:w;y ~ u EAt 2(}. Hence, for some u EAt 2(, 
u .;;; w; y and z .;;; v; u, so (w, y, u), (v, u, z) E C(W,). Thus 2( t 2( satisfies 2.2(f), and 
~m 2(t 2( ERA. 

Since 2( is isomorphic to a subalgebra of ~ m 2( t 2(, it follows from the arguments 
above that ~m 2(t 2( is a WA, SA, or RA iff 2( is a WA, SA, or RA, respectively. 
Certainly 2( E RRA if ~ m 2( t 2( E RRA, so we need only prove ~ m 2( t 2( E RRA 
whenever 2( E RRA. 

Suppose f is an embedding of 2( into @5b E for some equivalence relation E. Let 
FX = UXExfx for every X CAt 2(. Then it is easy to check that F embeds 
~m 2(t 2( into @5b E, so ~m 2(t 2( E RRA. 

Theorem 3.13 shows that every complete and atomic NA is isomorphic to a 
complex algebra. In particular, every finite NA is isomorphic to the complex algebra 
of its atom structure. Obviously not every NA has this property, since there are 
incomplete NA's. However every atomic (and possibly incomplete) NA is isomorphic 
to a subalgebra of a complex algebra, and we shall see later (in 4.3) that this 
conclusion can be extended to all NA's. 

4. Perfect extensions. The notion of perfect extension is defined for BA's with 
operators in Definition 2.14 of [6], and applies to NA's by 1.12. 

THEOREM 4.1. Let 2(, ~ E NA. Then 2( is a perfect extension of ~ iff the following 
conditions are satisfied: 

(1) ~ C 2(, 
(2) 2( is complete and atomic, 
(3) if XC B and ~(W,) X = 1, then ~(W,)y = 1 for some finite Y C x, 
(4) ifa, bEAt 2( then a;b = II(w'){x;y: a';;; x E B, b.;;;y E B}. 

PROOF. It follows from Definition 2.14 of [6] that 2( is a perfect extension of ~ iff 
(1 )-(4) hold and 

(5) if a, bEAt 2( and a =1= b, then there is some x E B such that a .;;; x and 
b· x = 0, 

(6) if a EAt 2(, then aU = II(w'){xu:a.;;; x E B}. 
We therefore need only show that (5) and (6) are consequences of (1)-(4). 

Let a EAt 2(. We will use (4) to show a = II(w'){z:a';;; z E B}. By 3.12, ~m 2(t 2( 
~ 2( E NA, so 2(t 2( satisfies 2.2(c). Hence (a, e, a) E C(W,) for some e E /(w'). Then 
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a';;; a;e';;; a;l' = a, so a = a;e = II(~){x;y:a';;; x E B, e.;;;y E B} by (4). How-
ever, {x;y:a';;; x E B, e.;;;y E B} C {z:a';;; z E B}, for if a';;; x E B and e';;;y E 
B, then a = a; e .;;; x; y E B. Consequently 

(~) (~) 

a';;; IT {z:a,;;;zEB}';;; IT {x;y:a';;;xEB,e';;;yEB}=a, 

so a = II(~){z:a.;;; z E B}. Using this equation and 1.11 we have 

( 
(~) ) U (~) 

a U = IT {a,;;;zEB} = IT {zu:a';;;zEB}, 

so (6) holds. Suppose bEAt 2f and b =1= a. Then 0 = b . a = II(~){ b . z: a .;;; z E B}, 
so b . z = 0 for some z E B such that a .;;; z, i.e. (5) holds. 

THEOREM 4.2. Let ~ E NA. Then there is some 2f E NA such that 
(1) 2f is a perfect extension of ~ , 
(2) if 2f' is a perfect extension of ~, then there is a unique isomorphism h of 2f' onto 

2f such that IdB = B1 h, 
(3) 2f is a WA, SA, or RA iff~ is a WA, SA, or RA, respectively. 

PROOF. Theorem 2.15 of [6] insures that there is a BA with operators 2f which is a 
perfect extension of ~, and 2.17 of [6] insures that 2f is unique in the sense of (2). 
We wish to use 2.18 of [6] to show that 2f E NA and (3) holds. Since complementa-
tion is not taken as a fundamental operation of BA's in [6], the term "equationally 
definable class" in 2.18 refers to a class of BA's with operators which is definable by 
equations containing no operation symbol for complementation. It follows from 1.4 
that NA, WA, SA, and RA are such classes, so 2.18 applies. 

It is not known whether RRA can be defined by equations without using 
complementation. Nevertheless, D. Monk proved that perfect extensions of repre-
sentable RA's are representable (as reported in [12, p. 66]). 

THEOREM 4.3. Let 2f E NA. Then there is a structure U = (U, C, f, I), where C ~ 
3 U,f E U U, and leU, such that 

(1) U satisfies 2.2(a)-(c), i.e. ~m U E NA, 
(2) 2f is isomorphic to a subalgebra of~m U, 
(3) 2f ~ ~ m U iff 2f is complete and atomic, 
(4) U satisfies 2.2(d), (e), or (f) iff2f is a WA, SA, or RA, respectively. 

PROOF. If 2f is atomic, let U = 2f t 2f and apply 3.13 and 2.2. Otherwise, let 
U = 2ft ~ where ~ is a perfect extension of 2f. Then ~ ~ ~m U by 3.13, and 
(1 )-(3) follow from 2.2 and 4.2. 

Theorem 4.3 may be regarded as a representation theorem, even though there are 
nonrepresentable NA's. The analogous theorem for cylindric algebras is 2.7.43 of [4], 
and the comments that follow, in Remarks 2.7.46, also apply to 4.3, with certain 
obvious changes. 

5. Relativization. In this section we consider a generalization of the notion of 
relativization from BA's to NA's. A similar (but different) construction is introduced 
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in Definition 4.8 of [7]. The analogous construction for cylindric algebras is studied 
in §2.2 of [4]. 

DEFINITION 5.1. Let m: E NA and x EA. Then Rlx m: = {y:x ;;;. yEA} and 
!}tlx m: = (Rlx m:, +, ., x - , 0, x, ;x, ux, 1:>, where x-y = -y . x, y;Xz = y;z . x, 
andyux = yU· x for ally, z E Rlx m:. !}tlx m: is called the relativization ofm: to x. 

Some elementary consequences of this definition are given in the next two 
theorems. 

THEOREM 5.2. Let m:, \8 E NA and x, yEA. 
(1) !}tIl m: = m:. 
(2) Ifx.;;;y then !}tlx !}tly m: = !}tlx m:. 
(3) Ifm: C \8 then !}tlx m: C !}tlx \8. 

THEOREM 5.3. Let E be an equivalence relation. 
(I)IfEC UX Uthen6oE=!}tI E !}teU. 
(2) If U E (Fd E)jE then !}te U = !}tluxu 60 E. 

Suppose m: E NA and x EA. What conditions on x are equivalent to!}t I x m: E NA? 
The answer is given in 5.5 and motivates the following definition. 

DEFINITION 5.4. Let m: E NA. Then Sr m: = {x:x E A and XU = x = (l',x);x}. 
We call x a symmetric-reflexive element of m: iff x E Sr m:. 

Suppose E is an equivalence relation and R C E. Then R E Sr 60 E iff R is 
symmetric (R- l = R) and reflexive over its field (Id FdR C R). 

THEOREM 5.5. Let m: E NA and x EA. Then !}tlx m: E NA iff x E Sr m:. 
PROOF. Let !}tlx m: E NA. Then x Ux = x by 1.13(9), so x = XU ·x. Using 1.13(8), 

(11) we get XU = (XU ·x)U = x Uu 'xu = x . XU = x. Also x = I~;xx by the IL, so 
x = (I'·x);x· x.;;; (l'·x);x';;; I';x = x by 1.13(3) and the IL. Thus XU = x = 
(1' ·x);x, so x E Sr m:. 

Assume x E Sr m:. Notice thatyUX = yU whenever y E Rlx m:, sinceyux = yU· x 
= yU 'xu = (y . x)U = yU, and w;xy . z = w;y . z whenever z E Rlx m:. Conse-
quently the Peircean laws for !}t I x m: follow immediately from the Peircean laws for 
m:. For the IL in !}tIx m:, we first note that I~;Xy = (1'·x);y· x.;;; I';y = y, for 
y E Rlx m:. Then we get 

y = y' x = y' {I',x);x, x 
.;;; (I" x ); (x . (I" x ) U ; y) . x 1.4( 1) 
.;;;{I'·x);(I'U;y) ·X 1.l3(3), (12) 

1.13{I4),IL. 

Thus Y = I~;Xy for every y E Rlx m:. Now if y E Rlx m: then yU E Rlx m: since 
yU .;;; XU = x by 1.13(12), so yU = I~; xyu . Then 

y =yuu= (I~;XyU)U = ({I"x);yu .xt 

= y; (I'·XU) . XU = y; (I',x) . x = y;XI~ 

by 1.13(8), (11), (13), (14). Thus the IL holds in !}t I x m:, and !}t I x m: E N A. 
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DEFINITION 5.6. If K t;:;;; NA, then Rl K = {!nIx~: ~ E K and x E Sr ~}. 

THEOREM 5.7. Let K, L t;:;;; NA. 
(I) If K t;:;;; L then Rl K.;;; Rl L. 
(2) IRl K = Rl IK. 
(3)K t;:;;; Rl K. 
(4) RlRl K t;:;;; Rl K. 
(5) Rl SK t;:;;; SRl K. 
(6) Rl and S Rl are closure operators on classes of N A's. 
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PROOF. (1) is obvious, and (2) is clear by general algebra. If ~ E NA then 
I E Sr ~ by 1.13(9) and the IL, so (3) follows from 5.2(1). Let ~ E Rl Rl K. Then 
~ = !nIx !nIy ~ for some ~ E K, Y E Sr~, and x E Sr !nIy~. Since ~ = !nIx ~ 
by 5.2(2), we only need x E Sr~. From x E Sr !nIy ~ we get x = XUy = XU .y = 
XU .yU = (x· y)U = XU since x .;;;y, and x = (I~' x);yx = (1'.y. x);x' y.;;; 
(1'·x);x';;; I';x = x, so x E Sr~. Thus (4) holds. (5) follows from 5.2(3) and the 
fact that Sr ~ t;:;;; Sr ~ whenever ~ t;:;;; ~. Finally, (6) follows from (I), (3)-(5). 

THEOREM 5.8. (I) Rl NA = NA. 
(2) Rl WA = WA. 

PROOF. Part (1) follows from 5.5 and 5.7(3). We shall prove Rl WA t;:;;; WA, from 
which (2) follows by 5.7(3). 

Let ~ E WA and x E Sr~. Since !nIx ~ E NA by 5.5, it suffices to show that 
!nIx ~ satisfies the WL. Lety E Rlx~' Then (1:' y);xx';;; (1:' y);Xx;Xx by 1.13(4), 
and 

(I~' y};Xx;Xx = ({I"x' y};x· x};x· x 

.;;; {I'·y};I;1 . x 
={I'·y};I·x 

.;;; {l',y}; (I. (l"y}u ;x). x 

.;;; {I',y};x· x 

= (I> y};xx. 

1. 13(3) 
WL 

1.4(1} 
1.13(3}, (12), (14), IL 

The next theorem shows that SA, RA, and RRA are not closed under relativi-
zation. 

THEOREM 5.9. Let U be a set, and R E Sr!ne U. 
(1) R is transitive iff!nIR!ne U = So R. 
(2) R is not transitive iff !n 1 R !n e U E WA ~ SA. 

PROOF. R is symmetric and reflexive over its field, since R E Sr !n e U. So if R is 
transitive, then R is an equivalence relation and !n 1 R !n e U = So R by 5.3(1). 

Suppose R is not transitive. We know that !nlR!ne U E WA by 5.8(2). Obviously 
!nlR!ne Uis complete and atomic, so !nIR!ne U ~ (;£:m ~t !nIR!ne Uby 3.13(2). We 
shall show that ~ t !n 1 R !n e U fails to satisfy 2.2( e), and hence !n 1 R !n e U fl SA. Note 
that At !nIR!ne U = {{ (a, b) }:(a, b) E R}. Since R is not transitive, there are a, b, 
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c E U such that (a, b), (b, c) E R but (a, c) fl R. Set v = {(b, a)}, w = {(a, b)}, 
x = {(b, b)}, and y = {(b, c)}. Then w, y EAt lRIR lRe U, and v, x E 
AtlRIRlReU since R is symmetric and reflexive. Then (v,w,x), (x,y,y)E 
C(9UR 9!e U) but there is no u E At lR 1 R lR e U such that (v, u, y) E C(9!IR 9!e U). 

We have seen that NA and WA are closed under RI and SRI, while SA, RA, and 
RRA are not; in fact, RI RRA and SRI RRA contain complete atomic WA's which 
are not SA's. The rest of this section is devoted to the problem of characterizing 
RI RRA and SRI RRA. We will show that every complete atomic WA is in RI RRA, 
and hence WA = SRI RRA. The proof is divided into two parts. After a definition 
and two lemmas we will show in 5.l3 that every complete atomic WA is the 
relativization of a complete atomic WA which satisfies a special condition. Then, 
after another definition and four more lemmas, we will show in 5.l9 that any atomic 
WA satisfying the special condition is in RRA. 

DEFINITION 5.10. Let ~ E NA. Then x d = x;xu ·1' and x T = xU;x . I' for every 
xEA. 

LEMMA 5.11. Let ~ E NA. Then for every x E A: 
(1) (XU)d = x T and (XU y = xd, 
(2) if x ,..;; 1', then x = x d = XT, 
(3) x = xd;x = x;xT. 

PROOF. (1) follows immediately from 1.13(8). Suppose x,..;; 1'. Then, using 1.13(3), 
(12), (14), 1.4(1), and the IL, we get x d = x;xu .1',..;; x; I'u ·1',..;; x = x; I' ·1',..;; 
x;(1' ·xu ; 1') . 1',..;; x;xu ·1' = Xd, so x d = X. Now x = XU by 1.13(16), so x T = 
(XU)d = x d by part (1). Thus (2) holds. For (3), we use 1.4(2), 1.13(3), and the IL to 
get xd;x,..;; I';x=x= 1';x·x"';;(1'·x;xU);x=xd;x. The proof of x=x;xT is 
similar. 

LEMMA 5.12. Let ~ E WA. Then for all x,y, z E At ~ andw E [(IJ1.), 
(1) xd, x T E At ~, 
(2) w = x d iff x ,..;; w;x iff (w, x, x) E C(IJ1.), 
(3) w = x T iffx,..;; x;w iff (x, w, x) E C(IJ1.), 
(4) if x "';;y;z then x d = yd, yT = Zd, and x T = ZT. 

PROOF. Part (I) is a restatement of 3.5. If w = Xd, then x,..;; w;x by 5.11(3). 
Suppose x,..;; w;x. Then 0 =1= x = w;x . x ,..;; (w . x;xu );x by 1.4(2). Since w = w . I' 
and; is normal, we get 0 =1= w . x;xu = w . x d. Hence w = x d by part (I). We have 
shown w = x d iff x,..;; w;x. This completes the proof of (2), since x,..;; w;x and (w, x, 
x) E C(IJ1.) are equivalent by the definition of C(IJ1.). The proof of (3) is similar. 

Assume x ,..;; y; z. Then 
x=y;z'X 

= yd;y;Z' X 
,..;; yd; 1;1 . x 
=yd;l·x 

,..;;yd; (I. (yd)U ;x) 

5.11(3) 
1.13(3) 
WL 

1.4(1) 

1.13(3), (12), (14), IL, 
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SO Xd = yd by (1) and (2). From 0 =1= x = y;z . x we get yU ;x . z =1= 0 by the LPL, 
and 0 =1= ZU ; yU • XU by 1.13(7), (8), (11), (13). Hence z .;;;; yU ; x and XU .;;;; ZU ; yU 

since XU EAt 2( by 3.4. By the argument above and 5.11(1), we get Zd = (yU)d = yr 
and xr = (XU)d = (ZU)d = zr. 

THEOREM 5.13. Assume 2( E WA and 2( is complete and atomic. Then 2( ~ \RIa ~ 
for some ~ E WA and some a E Sr~, where ~ is complete, atomic, and satisfies the 
following condition: 

(*) for all u, v E 1('.8) there is some x E At ~ ~ 1('.8) such that x d = U, xr = v, and 
x .;;;; y; z whenever y, z E At ~ ~ 1('8), yd = U, yr = Zd, and zr = V. 

PROOF. We shall assume, without loss of generality, that At 2( and I(,JI) X I('>]!) are 
disjoint Set U = At 2( U (I('M) X I('M». Define f E Vu as follows: 

{
XU 

fx= 
(v,u) 

if x EAt 2(, 

if x = (u, v), u, v E I('M). 

Let D be the subset of 3U consisting of all triples of the following types: 

(Ia) (x, y, (Xd, yr)) xr = yd, x,y E At 2( ~ I('M), 

(Ib) (x,(xr,yr),y) x d = yd, x,y EAt 2( ~ I('M), 

(Ie) (yd, x d), x, y) xr = yr, x,y E At 2( ~ I('M), 

(lIa) «xd,u),(u,xr),x) u E I('M), x EAt 2(, 

(lIb) (x,(xr,u),(xd,u») u E I('>]!>, X E At 2(, 

(lIc) «u,xd),x,(u,xr») u E I('M), x E At 2(, 

(III) «u, v), (v, w), (u, w» u, v, wE I('>]!). 

Let C = C('M) U D. Finally, let U = (U, C', f, I('M» and ~ = (;£m U. Notice that 
C n3 At 2( = C('M) and the restriction of f to At 2( is u. Consequently 2( t 2( is a 
substructure of U. 

We shall prove that (;£m U E WA by verifying 2.2(a)-(d). For 2.2(a), (b), suppose 
(x, y, z)E C. If (x, y, z)E C('M), then (Ix, z, y)= (XU, z, y)E C('M) C C and 
(z, fy, x)= (z, yU, x) E C('M) C C since 2(t 2( satisfies 2.2(a), (b). If (x, y, z) is a 
triple of type (la), then (x, y, z)= (x, y, (x d, yr» where xr = yd and x, y EAt 2( 
~ I('M). But then (XU)d = yd by 5.11(1) and xu, y EAt 2( ~ I('M) by 3.4 and 
1.13(16), so (Ix, (x d, yr), y) = (XU, «xu y, yr), y) is a triple of type (Ib). Similar 
observations show that every transform of a triple of type (I) is also type (I). It is 
even easier to see that if (x, y, z) is type (II) or (III), then so are all of its transforms 
(nothing more than the definition offis needed). Thus U satisfies 2.2(a), (b). 

Next we verify 2.2(c) in one direction. Let x E U. If x EAt 2(, then (x, w, x) E 
C('>]!) C C for some wE I('M) since 2(t 2( satisfies 2.2(c). Suppose x = (u, v) where 
u,vE/('>]!). Then v=vd=vr by 5.11(2), so (x,v,x)=«u,v),v,(u,v» is a 
triple of type (lIc). Now, for the other direction, suppose (x, w, y) E C with 
w E /('M). If x, Y E At 2(, then (x, w, y) E C('M) and x = y since 2( t 2( satisfies 
2.2(c). Suppose x = (u, v) where u, v E I('M). Then (x, w, y) must be type (lIc). 
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(Type (Ie) is ruled out since w f£ At ~ ~ I('Jl).) Consequently x = (u, wd) and 
y = (u, w'). But w = wd = W' by 5.11(2), so x = y. This completes the proof of 
2.2(c) for U. 

For 2.2(d) we must show (w, z, z) E C' whenever wE I('Jl) and (w, x, x), 
(x, y, z) E C'. This certainly holds when x, y, z E At ~ since ~t ~ satisfies 2.2(d). 
There are seven other cases depending on the type of (x, y, z). These cases are 
listed below. Throughout the list we assume q, u, v, w E I('OC) and x, y E At ~. 

(1) (w,x,x),(x,y,(xd,y'»EC', X'=yd, 
(2) (w,x,x),(x,(x',y'),Y)EC', Xd=yd, 
(3) (W,(yd,Xd),(yd,xd»,«yd,xd),x,Y)EC', x'=y', 

(4) (w,(xd,u),(xd,u»,«xd,u),(u,x'),X)E C', 
(5) (w,x,x),(x,(x',u),(xd,U»EC', 
(6) (w,(u,xd),(U,xd»,«U,xd),x,(u,X'»E C', 
(7) (w,(u,v),(u,v»,«u,v),(v,q),(u,q»E C'. 

Case (1). We get w = x d by 5.12(2), so (w, (xd, y'), (x d, y'» is a triple of type 
(lIb). 

Case (2). By 5.12(2), w = x d. But x d = yd, so (w, y, y) E C('Jl) by 5.12(2). 
Case (3). The first triple can only be type (lIb), so yd = wd. Then yd = w by 

5.11(2), and (w, y, y) E C('Jl) by 5.12(2). 
Case (4). Similar to case (3). 
Case (5). Similar to case (1). 
Case (6). The first triple must be type (lIb), so u = wd = w by 5.11(2). Then 

(w, (u, x'), (u, x'» is type (lIb) as well. 
Case (7). Similar to case (6). 

This completes the proof of Q: m U E W A. 
Consider At ~ as an element of Q:m U. We have (At U)U = {fx:x E At ~} = 

{xu: x E At ~} = At ~ by 3.4 and 1.13(8), and (I('Jl) n At ~);At ~ = I('Jl);At ~ 
= At ~ by the IL for Q: m U, so At ~ E Sr Q: m U. It is easy to check that 
9t I At 'Jl Q: m U = Q: m ~ t ~. The crucial fact, which is needed to show that these two 
algebras have the same relative product, is that C; n 3 At ~ = C('Jl). We have 
~ :;;;;: Q:m ~t ~ by 3.l3, so, setting a = At ~ and ?E = Q:m U, we get ?E E WA, 
a E Sr?E, ~:;;;;: Q:m ~t ~ = 9tIAt 'Jl Q::m U = 9tl a ?E, and?E is complete and atomic. 
It remains to show that ?E satisfies (*). 

First notice that At?E = {{x}:x E At ~} U {{ (u, v)}: u, v E I('Jl)}. If x E At ~ 
then {X}d = I('Jl) n {x};{x}U = {u:u E I('Jl) and (x, xu, u)E C'} = {u:u E I('Jl) 
and (u, x, x) E C('Jl)} since C' n3 At ~ = C('Jl). Consequently {X}d = {x d} by 
5.12(2). Similarly, {x}'= {x'}. If U,v EI('Jl), then {(u,v)}d=I('Jl) n {(u,v)}; 
{(u, v)}U = {w:w E I('Jl) and (w,(u, v),(u, v»E C'}. So w E {(u, V)}d iff w E 
I('Jl) and (w, (u, v), (u, v» is a triple of type (lIb), which occurs iff u = wd = w by 
5.11(2). Thus {(u, V)}d = {u}, and similarly {(u, v)}' = {v}. 
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Let u', v' E /('CJ). Then u' = {u} and v' = {v} for some u, v E /(IJi). Set x' = 
{(u, v)}. Note that x' E At ~ ~ /('CJ). Lety', z' E At ~ ~ /('CJ), and assume 

(**) {y,)d = {u}, (y')' = {Z,)d, and (z')' = {v}. 

We must show x' = {( u, v)} C y'; z'. The proof splits into four cases. 
Case (a). y' = {y}, z' = {z}, y, z E At ~ ~ /(IJi). From (**) we get yd = U, 

yr = zd, and zr = v. Then (y, z, (u, v» = (y, Z, (yd, zr» is a triple of type (Ia), so 
x' Cy';z'. 

Case (b). y' = {y}, y E At ~ ~ /(IJi), z' = {(q, w)}, q, wE /(IJi). Using (**) we 
getyd = U, yr = q, and w = v. Then (y, (q, w), (u, v»= (y, (yr, v), (yd, v» is a 
triple of type (lIb) and x' C y';z'. 

Case (c). y' = {(q, w)}, q, wE /(IJi), z' = {z}, z E At ~ ~ /(IJi). From (**) we 
have q = u, w = Zd, and zr = v. Then « q, w), z, (u, v» = « u, zd), Z, (u, zr» is a 
triple of type (IIc), so x' C y'; z'. 

Case (d). y' = {(q, w)}, z' = {(s, t)}, q, w, s, t E /(IJi). By (**), q = u, w = s, 
and t = v, so «q, w)~ (s, t), (u, v»= «u, w), (w, v), (u, v» is a triple of type 
(III), and hence x' C y'; z'. 

DEFINITION 5.14. Assume ~ E NA and a is an ordinal. Then La~ is the set of all 
I E aXaAt ~ satisfying the following conditions for all K, A, }L < a. 

(1) Iv. ~ l' iff K = A, 
(2) I~A = IAK , 

(3) IKA ~ IK,..; I,..A· 
The elements of La ~ are called ~-Iabellings of a. Let I E La ~. A flaw in I is a 
quadruple (K, A, x, y) where K, A < a, x, y E At~, IKA ~ x;y, and for every}L < a, 
either IK,.. '* x or I,..A '* y. The labelling I is complete if there are no flaws in I. 

LEMMA 5.15. Assume ~ E WA, ~ is atomic, I is a complete ~-Iabelling of a, and I 
maps a X a onto At ~. Then ~ is isomorphic to a subalgebra of ffi e a. 

PROOF. Define R(x) = {(K, A):K, A < a and IKA ~ x} for all x EA. Clearly, if 
x ~y then R(x) C R(y). Suppose x 1; y. Then x . -y '* 0, so a ~ x . -y for some 
a E At ~ since ~ is atomic. Since I is onto, there are K, A < a such that IKA = a ~ x 
. -Yo But then (K, A) E R(x) and (K, A) f/:. R(y), so R(x) i R(y). We have 
shown 

(1) x ~y iff R{x) C R{y), for all x, yEA. 

Clearly R(O) = 0 and R(1) = a X a. Consequently R is an embedding of ~I ~ into 
~ I ffi ea. 

We get Ida = R(l') from 5.14(1), and R(xU) = R(X)-l from 5.14(2). It follows 
from 5.14(3) that R(x) I R(y) C R(x;y), while R(x;y) C R(x) I R(y) since I is 
complete. Thus R is an embedding of ~ into ffi e a. 

LEMMA 5.16. /f~ E WA, ~ satisfies 5.13(*), 1 E La~' and (K, A, x, y) is a flaw in 
I, then there is some mE La+ l ~ such that I C m, m Ka = x, and m aA = Y (i.e. 
(K, A, x, y) is not a flaw in m). 
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PROOF. Since ~ satisfies 5.13(*), there is a function a, mapping l('iI.) X 1('i1.) into 
At ~ - 1('#1.), such that for all u, v E 1('#1.) we have 

(1).a(u, V)d = u, 
(2) a(u, v)' = v, 
(3) if w, z E At~, wd = U, wr = zd, and zr = v, then a(u, v),.;;;; w;z. 

Using 3.4 and 5.12(1), we define mE (a+I)X(a+I)At ~ as follows: 

m,.p = I,.p for all p., p < a, 

m"a = x, ma" = XU , ma>. = y, 

m>.a = yU , maa = x r, m,.a = a{/,.,., xr), 

ma,. = a{/,.,.., xrt if p. < a and p. =1= /C, A. 

We have apparently assumed /C =1= A in the definition of m. However, suppose /C = A. 
Then 0 =1= II(/( = I,,>.";;;; x;y· l' by 5.14(1), so 0 =1= XU ;1'·y = XU .y by the LPL, and 
o =1= X • yU by the RPL. Thus y = XU and yU = X, so the definition of m is merely 
redundant. 

The proof will be complete as soon as we show m E La + l ~. To verify 5.14(2) for 
m it suffices, since m :2 I E La~' to show I~a = laa' I~a = la,., and I~,. = I,.a for all 
p. < a. These formulas follow from 1.13(8), (16). Obviously m satisfies half of 
5.14(1), namely m,.,. ,.;;;; l' for all p. < a + 1. We will prove the other half of 5.14(1) 
later. 

Before continuing we make some observations which will simplify the proof that I 
satisfies 5.14(3). 

(4) 

PROOF. Since (/C, A, X, y) is a flaw in I, we have I,,>. ,.;;;; x;y, and so, by 5.12(4), 
I:>. = Xd, xr = yd, and I;>. = yr. Since I E La~' we have II(/(' I>.>. ,.;;;; 1', I,,>. ,.;;;; 1",,;1,,>., 
and I,,>. ,.;;;; I,,>.; IH . Hence I:>. = II(/( = ml(/( and I;>. = I>.>. = mH by 5.12(2), (3). 

Thus x d = I:>. = m"" andyr = I;>. = mHo 

(5) m~. = m,.,. for all p., p < a + 1. 

PROOF. Suppose p., p < a. Then m,.,. = I,.,. ,.;;;; l' and m,.. = I,.. ,.;;;; I,.,.; I,.. = m,.,.; m,.., 
so m~v = m,.,. by 5.12(2). Thus we may assume a E {p., pl. If a = p. = P, then 
md = md = (xr)d = xr = m = m by 5 11(2) so either I/. < a = p or p < a = I/. 1''' aa: aa p.#J. ., r- ,--

Suppose p. < a = P. If p. =1= /C, A, then m~p = m~a = a(l,.,., xr)d = I,.,. = m,.,. by (1). 
If p. = /C, then m~. = m~a = x d = ml(/( = m,.,. by (4). If p. = A, then m~. = m~a = 
(yU)d = yr = m>.>. = m,.,. by (4). 

Suppose p < a = I/. If p =1= /C A then md = md = (a(1 xr)u )d = a(1 xr)r = ,....- " p.1' ap vv' PI" 

xr = m = m by (2) If p = /C then md = md = (XU )d = xr = m = m If aa ,.,.. ,.. a" aa ,.,.. 

p = A then md = md = yd = xr = m = m by (4) , ,.. a>. aa,.,.· 
(6) m~v=mv. forallp.,p<a+1. 

PROOF. Using (5) and 5.14(2) for m, we have m~. = (m~.)d = m~,. = m ••. 
(7) For all p., P, ~ < a + 1, the six formulas which can be obtained from 

m,.. ,.;;;; m,.€; m€. by permuting the subscripts p., P, ~ are equivalent. 
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PROOF. This follows from the Peircean laws, mE (a+l)X(a+l) At 2{, and 5.14(2) 
for m. For example, if m,.v';;; m,.E;mi;v, then 0 *" m,.v = m,.i;;mi;v . m,.v' so 0 *" 
m~i; ;m,. • . m",. = m",.;m,.v . m"., and hence mE.';;; ml;,.;m,. •. 

Now we can show m satisfies 5.14(3). Let p., v, g < a + 1. We wish to show 
m,. • .;;; m,.";m,,v' Suppose p., v, g are not distinct. We may assume p. = g by (7). Then 
by (5) and 5.11(3), m,.v = m:v;m,.. = m,.,.;m,.. = m,.,,;m€v' 

Suppose p., v, g are distinct. If p., v, g < a, then m,.v = I,. • .;;; I,.,,; IE. = m,.,,; m"v 
since I E La 2{, so we may assume, by (7), that v = a. Thus p., g < a = v. Suppose 
{p., g} *" {/C, A}. We may assume, by (7), that p. *" /C, A. Then m,.. = m,.a = a(l,.,., x'), 
and from (5) and (6) we get I,.,. = m,.,. = m:", m;" = mH = mtv' and m€a = maa = 
x', so by (1)-(3), m,.v = a(l,.,., x') .;;; m,.E;mE.' Suppose {p., g} = {/C, A}. By (7) we 
may assume p. = /C and g = A since p. *" g. We have I~x .;;; x;y since (/C, A, x, y) is a 
flaw in I, so m,." = m~x = I~x .;;; x;y = m~a;maX = m,.v;m.". Hence m,. • .;;; m,.,,;m€. 
by (7). Thus m satisfies 5.14(3). 

Finally, we show that p. = v whenever m,. • .;;; 1', so that m satisfies 5.14(1). If p., 
v < a then m,.. = I,. • .;;; 1', and p. = v since I E La 2{. Suppose p. < a = v and 
m,. • .;;; 1'. Then x = m~a';;; m~,.;m,.a = m~,.;m,. • .;;; m~,.;l' = m~,., so x = m~,.. Also 
y = maX';;; ma,.; m,.x = m.,.; m,.x = m~.; m,.x .;;; l'u; m,.x = m,.x, and thus y = m,.x. 
But then x = m~,. = I~,. and y = m,.x = I,.x, contradicting the hypothesis that 
(/C, A, x, y) is a flaw in I. 

LEMMA 5.17. If 2{ E WA, 2{ satisfies 5.13(*), and I E La 2{, then there are some 
fJ;;;. a and some m E Lp 2{ such that Ie m and if (/C, A, x, y) is a flaw in m, then 
a';;; /C, A. 

PROOF. If I is complete, set fJ = a and m = I. Otherwise, let «/CI;' AI;' xc' Yl;):g < 
y) be an enumeration of the flaws in I. Set fJ = a + y and mO = I. Suppose 8 < y 
and mB has been constructed. If (/CB' AB' XB' YB) is a flaw in mB, let mB+l be the 
2{-labelling obtained by applying 5.16 to m B• For any limit ordinal p. < y, let 
m" = U B<,. mB. Finally, let m = U B<y mB. It is .then easy to show that I C m E Lp 2{ 
and m has no flaws (/C, A, x, y) with /C, A < a. 

LEMMA 5.18. If 2{ E WA, 2{ satisfies 5.13(*), and I E La 2{, then there is some 
complete mE Lp 2{ such that I C m. 

PROOF. Set mO = I, and for each /C < '" let m~+l be the 2{-labelling obtained by 
applying 5.17 to the previously constructed labelling m~. Set m = U~<", m~. Then m 
is a complete 2{-labelling which contains I. 

THEOREM 5.19. If 2{ E WA, 2{ is atomic, and 2{ satisfies 5.13(*), then 2{ is 
isomorphic to a subalgebra of!n e a, for some ordinal a. 

PROOF. Since 2{ satisfies 5.13(*), there is a function a, mapping ICil) X ICi!) into 
At 2{ ~ I('i1), which satisfies 5.16(1)-(3). Let y = I I('i1) I ' and let u be a one-to-one 
function mapping y onto I('i1). Define 1 E yXy At 2{ as follows, for all /C, A < y: 

lKX = I :(u~, u,J 
la(u~,ux)U ifA<IC. 

ilK < A, 
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Using 1.13(8), (16), 5.l2(2), (3), and 5.l6(1)-(3) one can easily prove that I E Ly ~. 
By 5.18 there is some complete mE La ~ such that I (;;; m. To complete the proof it 
suffices, by 5.l5, to show m is onto. 

Let 'x E At~. If x E lCi!) then x = U" = I"" = m"" for some Ie < Y ..; a, so we 
may assume x f£. 1('J!). Choose Ie, A < y so that u" = x d and u" = x'. Then a(xd , x') 
= I"" = m"". Sety = a(x', x'). Note thaty E At ~ ~ 1('J!), m:" = Xd, x' = yd, and 
m~" = y' by 5.16(1), (2). Consequently m"" ..; x;y by 5.16(3). Since m is complete, 
there is some p. < a such that m",. = x and m,." = y. Thus x is in the range of m. 

THEOREM 5.20. (1) IfW- E WA and W- is complete and atomic, then W- E RI RRA. 
(2) WA = SRI RRA. 

PROOF. (1) By 5.13, W- ~ lR1a ~ for some complete atomic ~ E WA satisfying 
5.13(*), but ~ E RRA by 5.19 and 1.9(2), so W- E lRI RRA = RI I RRA = RI RRA 
by 5.7(2). 

(2) Every WA is a subalgebra of a complete atomic WA by 4.2, so WA (;;; SRI 
RRA by part (1). On the other hand we have RRA (;;; WA by 1.9(1), 1.14, and 1.3, so 
SRI RRA (;;; SRI WA = SWA = WA by 5.7(6), 5.8, and 1.5. 

D. Resek proved an analogue of 5.20 for cylindric algebras in [15]. Henkin and 
Resek show in [5] that there are atomic sub algebras of re1ativized cylindric set 
algebras which are not relativized cylindric algebras. A study of their example and 
the connections between WA's, SA's, and cylindric algebras makes it seem possible 
that there are atomic WA's which are not re1ativized SA's. 

Problem 5.21. Characterize RI RRA. Is it an elementary class? Is every atomic WA 
in RI SA? Is RI SA = RI RRA? 
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